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Making sense of data: introduction to statistics for gravitational
wave astronomy

Problem Sheet 4: Advanced topics in statistics

Questions marked with a * are a selection that will give experience of all aspects of the
course. For IMPRS students taking this course, these should be completed and handed
in to be marked.

1. * Let {Xt} be a time series of the average yearly temperature in Golm, Germany.
Assume that the time series is weakly stationary. Ten observations of the time series
are given in the Table below.

Year 1912 1913 1914 1915 1916 1917 1918 1919 1920 1921
Temp (F) 49.9 52.3 49.4 51.1 49.4 47.9 49.8 50.9 49.3 51.9

(a) Obtain estimates of the mean and of the auto-covariance function and auto-
correlation function at lags k = 0, 1, 2, 3.

(b) Plot a correlogram using your estimated autocorrelation function.

(c) Perform tests to assess whether the process is white noise using

(i) The binomial distribution.

(ii) The Ljung-Box test.

(d) Fifty extra observations of the series are uncovered (measurements from 1922
to 1971). Based on this larger data set the first four autocovariance coefficients
are c0 = 1.575, c1 = 0.496, c2 = 0.591 and c3 = 0.416. Perform the Ljung-Box
test to assess if the full series is white noise.

2. Assume that observations {xt} are from an AR(1) process

Xt = αXt−1 + wt, {wt} ∼ (0, σ2).

(a) Obtain an expression for the least squares estimator of the parameter α1.

(b) Compare this expression to the estimate of the autocorrelation coefficient, r1,
when the process is assumed to have zero mean.

(c) The following are ten observations from a time series:

−1.658,−3.194,−1.402,−1.426, 0.609, 0.575,−0.241, 0.030, 0.171,−0.260.

Fit the data to an AR(1) of the form given above.

3. Consider the ARMA(2,2) model

Xt + 0.3Xt−1 − 0.1Xt−2 = wt + 0.1et−1 − 0.2wt−2, {wt} ∼ (0, σ2).

(a) Is this process regular?



(b) Show that this process is equivalent to an ARMA(1,1) process and prove that
the latter process is regular.

(c) Obtain the first four coefficients in the expansions

Xt =
∞∑
i=0

πiwt−1, wt =
∞∑
i=0

ψiXt−i.

4. * Consider a stochastic process

Yt − 3Yt−1 + 3Yt−2 − Yt−3 = Zt − θZt−1, |θ| < 1,

where {Zt} is a Gaussian white noise process.

(a) Classify this model using the ARIMA(p, d, q) notation. Determine whether the
process is stationary.

(b) Assuming the process is invertible show that

Zt =
∞∑
i=0

πiYt−i

and determine πi for i = 0, 1, 2, 3.

(c) Consider the local trend model defined by

Yt = at + εt, at = at−1 + ηt, t = 0,±1,±2, . . .

where {εt} and {ηt} are independent Gaussian white noise processes with zero
means and variances σ2 and σ2

η respectively. Show that this can be expressed
as an ARIMA(0, 1, 1) process with parameters and variance to be determined.

(d) The next value Yn+1 is predicted from present and past values using

Y n
n+1 = an+1 + bn+1

where an+1 = αYn+(1−α)Y n−1
n , α ∈ (0, 1) and bn+1 = γ(an+1−an)+(1−γ)bn,

γ ∈ (0, 1). Show that this may be expressed in the following form

Y n
n+1 = α(1 + γ)Yn − αYn−1 + (2− α− αγ)Y n−1

n − (1− α)Y n−2
n−1 .



5. * Consider the following non-parametric regression problem

Yi = f(xi) + εi, (?)

where εi ∼ N(0, σ2) are independent, xi = i/n, i = 1, . . . , n, and the unknown
function f is defined on the interval [0, 1].

(a) Write down an expression for the Nadaraya-Watson estimator f̂h(x) for the
model (?) using kernel K(x) with bandwidth h. Taking the limit n → ∞,
h → 0, nh → ∞, show that the asymptotic bias, b(x), and variance, v(x), of
the estimator are

b(x) ≈ µ2(K)h2

2
f ′′(x), v(x) ≈ σ2

nh
||K||22,

where µ2(K) =

∫ ∞
−∞

x2K(x)dx, ||K||22 =

∫ ∞
−∞
|K(x)|2dx.

Assume the design is regular deterministic, f ′′(x) exists, the kernel is of order
2, µ2(K) <∞ and ||K||22 <∞.

(b) Define the mean square error of an estimator at a point x. Using the previous
results write down an estimate of the asymptotic mean square error (AMSE)
of the Nadaraya-Watson estimator and find the optimal bandwidth that mini-
mizes the AMSE. Show that the AMSE when using the optimal bandwidth is

proportional to µ2(K)
2
5 ||K||

8
5
2 and find the constant of proportionality.

(c) Consider the Epanechnikov kernel

K(x) = A

(
1− x2

5

)
I(|x| ≤

√
5).

i. Find A. What is the order of this kernel?

ii. What is the distribution of f̂h(x)? Assuming observations y1, . . . , y30 follow
model (?) with σ = 0.4 and the corresponding estimator has f̂(0.2) = 1.2,
obtain an asymptotic 95% confidence interval for f(0.2) using bandwidth
h = 0.1. You may assume the bias is much smaller than the variance.
Hence test the hypothesis that f(0.2) = 1.5.

(d) Consider a general quadratic polynomial kernel with compact support, K(x) =
A(1 + bx + cx2)I(|x| ≤ D). We assume that the order of the kernel is at least
2.

i. Show that b = 0 and determine A in terms of c and D.

ii. Show that, for any kernel K̃(x), it is possible to choose a reference band-
width, h, such that the kernel K̃h(x) = (1/h)K̃(x/h) has the property∫ ∞

−∞
x2K̃h(x)dx = 1.

Impose this condition on K(x) to find another equation relating A, c and
D.

iii. Applying the previous constraints for A and c, show that ||K||22 is given
by

||K||22 =
3

8

(
3

D
− 10

D3
+

15

D5

)
.

Hence show that applying the constraint that d(AMSE)/dD = 0 we recover
the Epanechnikov kernel, with D =

√
5.



6. This question is concerned with the LP(1) estimator for the model (?). This is given
by the value of θ(x) = (θ0(x), θ1(x))T that minimises the following expression

n∑
i=1

(
Yi − θ0(x)− θ1(x)

(xi − x)

h

)2

Kh(xi − x)

where Kh(x) = K(x/h)/h and K(x) is a Kernel. The estimate θ̂0(x) provides an
estimate of f(x) and θ̂1(x)/h provides an estimate of f ′(x).

(a) Show that the LP(1) estimator is given by

θ̂0(x) =
SxxSy − SxSxy
SSxx − S2

x

, θ̂1(x) =
SxyS − SxSy
SSxx − S2

x

where

S =
n∑
i=1

Kh(xi − x),

Sx =
n∑
i=1

(
xi − x
h

)
Kh(xi − x), Sy =

n∑
i=1

YiKh(xi − x)

Sxx =
n∑
i=1

(
xi − x
h

)2

Kh(xi − x), Sxy =
n∑
i=1

Yi

(
xi − x
h

)
Kh(xi − x)

(b) Taking the asymptotic limit n→∞, h→ 0, nh→∞, and assuming the Kernel
is symmetric and of order 2, show that the estimator can be approximated by

f̂ ′(x) ≈ 1

nhµ2(K)

n∑
i=1

Yi

(
xi − x
h

)
Kh(xi − x)

in which µk(K) =
∫∞
−∞ x

kK(x)dx. [Hint: you may assume that, in this limit,
1
n

∑n
i=1 g(xi) ≈

∫ 1

0
g(x)dx+O(1/n).]

(c) Show that for a linear estimator of the form ĝ(x) =
∑
li(x)Yi the variance

var(ĝ) = σ2||l(x)||2

where l(x) = (l1(x), l2(x), . . . , ln(x)) and ||x|| denotes the usual Euclidean norm
of a vector.

Hence derive an asymptotic expression for the variance of the LP (1) estimator
of f ′(x), valid in the limit n→∞.

(d) Assuming that the bias is negligible, an asymptotic (1 − α)100% confidence
band for a linear estimator of a function of the above form, on the interval
[a, b] may be found as

|ĝ(x)− g(x)| ≤ cα
√

var(ĝ) ∀x ∈ [a, b]

where cα =

√
2 ln

( κ0
απ

)
, κ0 =

∫ b

a

||T′(x)||dx,

with Ti(x) = li(x)/||l(x)|| and T′i(x) = dTi/dx.



i. For the LP(1) estimator of g = f ′ show that, in the asymptotic limit
n→∞, h→ 0, nh→∞,

κ0 =

(
b− a
h

)
||K + xK ′||2
||xK||2

,

where ||G||22 =
∫∞
−∞G

2(x)dx.

ii. An LP(1) estimator of g = f ′ is constructed for n = 200, h = 0.1 and
K(x) = (1 − |x|)I(|x| ≤ 1) and the observed data has variance σ = 0.1.
Construct an asymptotic 95% confidence band for g(x) on the interval

[0, 1]. Given that minx∈[0,1] ĝ
LP (1)
h (x) = 0.937 and maxx∈[0,1] ĝ

LP (1)
h (x) =

3.265 test the hypothesis that f is linear in the range [0, 1].

7. (a) i. Show that a smoothing spline can be written as

f̂n,λ(x) =
N∑
j=1

β̂j hj(x), where β̂ =
(
HTH + λΩ

)−1
HTY

where Y is the vector of observed data at the knots and H and Ω are
matrices to be determined.

ii. Suppose that we measure data (1/2, y1), (1, y2) and (3/2, y3) to estimate a
function on the interval [0, 2]. Determine the matrices H and Ω required
to compute the smoothing spline estimate of the function based on this
data.

(b) Using the same basis functions, {hj(x)}, and data observed at N knots, ob-
tain the coefficients for the natural cubic spline that passes through all of the
observed data points. Compare this to the λ = 0 limit of the smoothing spline
obtained in part (a)(i).

(c) i. Show that in the limit λ→∞, β̂j →∞ ∀j ≥ 3 and obtain expressions for

β̂1 and β̂2.
[Hint: you may assume(

A11 A12

A21 A22

)−1
=

(
B11 B12

B21 B22

)
=

(
(A11 − A12A

−1
22 A21)

−1 −B11A12A
−1
22

−A−122 A21B11 A−122 − A−122 A21B12

)
,

where A11, A12, A21 and A22 are sub-matrices.]

ii. Show that the resulting solution coincides with the least squares estimate
of a linear model, α1 + α2x, through the data points

α̂1 = Ȳ − α̂2x̄, α̂2 =

∑N
i=1(xi − x̄)Yi∑N
j=1(xj − x̄)2

,

where x̄ =
∑N

j=1 xj/N and Ȳ =
∑N

j=1 Yj/N and comment on the result.

(d) Suppose now that we have observed data, y, as a function of two covariates, x1
and x2. The observed data points, in the order (x1, x2, y), are: {(1/2, 1/2, 1),
(1/2, 1, 2), (1/2, 3/2, 2), (1, 1/2, 3), (1, 1, 4), (1, 3/2, 5), (3/2, 1/2, 2), (3/2, 1, 3),
(3/2, 3/2, 5)}. Use the backfitting procedure to fit a general additive model



of the form g1(x1) + g2(x2) where gi(·) are to be estimated using smoothing
splines with smoothing parameter λ = 1/33. You can leave the coefficients
of the splines expressed in the form β = A−1b, where A and b are a matrix
and vector that should be given explicitly, but the matrix inverse need not be
evaluated.

8. * In this question wavelet estimators of f are considered, based on observations

y = (0.5, 1.3, 0.9, 1.6, 1.8, 2.4, 3.1, 2.7)

from the nonparametric regression model (?) with σ = 0.15 and n = 8.

(a) Describe the cascade algorithm for the wavelet transform. Using Haar wavelets,
compute the wavelet transform of the data given above using the cascade al-
gorithm. You can use the following values of the scaling coefficients cjk:

k = 0 k = 1 k = 2 k = 3

j = 2 1.8/
√

2 2.5/
√

2 4.2/
√

2 5.8/
√

2,
j = 1 2.15 5.0

(b) Test the hypothesis that the unknown function f is a constant on the interval
(0.5, 1.0), using the wavelet coefficients computed in part (a).

(c) Using the projection estimator f̂2(x) (i.e., including wavelets with j ≤ 1 only),
construct an asymptotic 95% confidence interval for f(0.4), assuming that the
bias is much smaller than the standard deviation.

(d) Find the value of the universal threshold for the wavelet coefficients computed
in (a). Which wavelet coefficients are set to zero in the hard thresholding
estimator with this threshold?

(e) Suppose we have a scaling function φ(x) such that {φ(x −m) : m ∈ Z} is an
orthonormal set,

∫
φ(x)dx = 1 and φ(x) obeys the scaling equation

φ(x) =
√

2
∑

hkφ(2x− k).

i. Prove that ∑
k

hk =
√

2,
∑
k

hkhk−2l = δ0l.

ii. Suppose we now define a function ψ(x) through the scaling equation

ψ(x) =
√

2
∑

gkφ(2x− k),

and require that ψ(x − m) is orthogonal to φ(x) for all integers m, and
that {ψ(x−m) : m ∈ Z} is an orthonormal set. Show that we require∑

k

gkhk+2m = 0 ∀ m ∈ Z,
∑
k

gkgk−2l = δ0l

and that the choice gk = (−1)1−kh1−k satisfies these equations.

iii. Now assume that the only non-zero coefficients in the scaling equation are
h0, h1, h2 and h3. Use the conditions in part (e)(i) to write down a set of
three equations determining these coefficients and show that writing

h0 = cosα cos β, h1 = sinα cos β, h2 = sin β cos γ, h3 = sin β sin γ

allows these equations to be satisfied, where β and γ depend on α, in a
manner to be determined.



iv. If we additionally require
∫
xψ(x)dx = 0 show that this is equivalent to∑

k kgk = 0 and that this allows a unique solution for α to be obtained.
[Hint: Verify first that

∑
k gk = 0, which is true in general for a wavelet

function defined in this way. ]

9. * Consider the following observed data

x 0.0 0.1 0.2 0.3 0.4 0.5
y -2.1126 -2.0055 -2.3964 -2.5424 -2.3845 -2.2456

x 0.6 0.7 0.8 0.9 1.0
y -2.0244 -1.6655 -1.1400 -0.8371 0.0371

(a) Fit a Gaussian process model to this data. Use a squared-exponential kernel,
K(x) ∝ exp[−x2/(2σ2)], and determine the hyperparameter σ by maximizing
the likelihood for the training set.

(b) Use the Gaussian process model to predict the value of the function at the new
values x = {0.15, 0.45, 0.75}.

10. *This question concerns methods for construction of realisations of Dirichlet pro-
cesses.

(a) Show that the Chinese restaurant process has a steady state distribution, i.e.,
assume that if the number of diners at each table in the restaurant follows
a multinomial distribution with probabilities {qi}, then the next diner sits at
Table i with probability qi.

(b) A probability distribution H that is a realisation of a Dirichlet process, H ∼
DP(H0,MH), can be constructed via the stick-breaking construction

H =

(
LH∑
l=1

plδUl

)
+

(
1−

LH∑
l=1

pl

)
δU0

p1 = V1, pl =

(
l−1∏
j=1

(1− Vj)

)
Vl, l ≥ 2, p0 = 1−

LH∑
l=1

pl

Vl ∼ Beta(1,MH), l = 1, . . . , LH , Ul ∼ H0, l = 0, 1, . . . , LH , (1)

in which δu denotes a probability point mass (i.e., a delta function) at the point
u. Show that for any subset Bi in the support of H0, the expected value of the
weight assigned to that subset via this process is H0(Bi), i.e., the probability
mass on that subset assigned by H0. Is this consistent with what we would
expect?


