160 Introduction to Statistics for GWs

10 Nonparametric Regression

The notes in this section are taken from a lecture course on this topic that I gave previously.
We will not cover all of this material in one lecture, but the detailed notes are provided so
that you can learn about more about the topics that interest you.

10.1 Introduction
10.1.1 Difference between parametric and nonparametric regression

The basis for regression is a set of observations of pairs of variables (X;,Y;), i = 1,...,n.
We are interested in finding a connection between X and Y. We assume that Y is random,
but X can be either random or fixed; we focus mostly on the case that the X;’s are fixed.
In parametric regression we assume a particular type of dependence of Y on X (e.g. linear
regression: EY = AX, log-linear regression log(EY) = AX, etc). In other words, we
assume a priori that the unknown regression function f belongs to a parametric family
{9(x,0) : 6 € O}, where g(-,-) is a given function, and © C R*. Estimation of f is the
equivalent to estimation of the parameter vector 6.

In nonparametric regression, by contrast, we do not want to make any assumption about
how EY depends on X, but want to fit an arbitrary functional dependence. We assume that
we observe a function with error:

Y;:f<X7,)+EZ, Z:]_,,TL

Often the errors are assumed to be normally distributed, ; ~ N(0, ¢?), independently. The
aim is to estimate the unknown function f.

In nonparametric estimation it is usually assumed that f belongs to some large class F
of functions. For example, F can be the set of all the continuous functions or the set of
all smooth (differentiable) functions. For proving certain properties of estimators, we will
consider sets of functions with k derivatives, which are called Holder spaces of functions.

We will described several different approaches to nonparametric regression — kernel
smoothing, spline smoothing, general additive models and wavelet estimation.

10.1.2 Nonparametric regression model
Throughout this chapter we will assume the following model of nonparametric regression:
Y;:f(XZ)—i—é’“ Zzl,,n

with independent errors E(g;) = 0, Var(g;) = 02 and a function f: [0,1] — R.
Now suppose that we observe data (z;,v;), ¢ = 1,...,n, which is a realisation of iid
random variables (X;,Y;). The aim is to estimate the unknown function f(z) = E(Y;|X; = ),

namely to construct an estimator J?n(x) for all x € [0,1] which is consistent and efficient,
and to be able to test hypotheses about f(xy) for a fixed zy and about f(x) for all z
simultaneously.

The maximum likelihood estimator (MLE) of f(z) gives estimates of f only at points z;

~

where we observe the data: f(z;) = y;. Since E[g;] = 0, this estimator is unbiased at x;, as
Ef(xz;) = EY; = f(x;). However, the MLE (and the model) does not give any information
about f(x) for x # ;. The model is not fully identifiable hence some additional assumptions

about f are needed. A key assumption we will make about f that it is smooth.
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10.1.3 Estimators

There are two major approaches to nonparametric estimation.

1. Smoothing: fitting a flexible smooth curve to data. We will consider two methods:
kernel smoothing and spline smoothing. The main question in this context is how smooth
should this curve be, and do we have to decide that in advance, or can we let the data to
decide?

2. Orthogonal projection estimation: represent the regression function f as a series
in an orthogonal basis, and estimate the coefficients from the data. We will consider wavelet
bases. Wavelets can be spiky, so they are well suited for modelling not very smooth functions,
e.g., with jumps or sharp spikes. The main question is how to estimate the coefficients, so
that the function estimate is neither too smooth nor too spiky.

10.1.4 Consistency

The key requirement for any estimator is consistency, that is, the more data we have, the
closer the estimator is to the function of interest. We encountered consistency in the context
of estimators of parameters, and there is a corresponding definition for functions.

Definition 10.1. fAn is a (weakly) consistent estimator of f in distance d based on n obser-

vations iff R
Ve >0, P(d(fn, f)>€)—0 as n— oo.

In the rest of this chapter, when we refer to consistency we will mean weak consistency.
We consider two distances on function spaces d( f,, f).

1) Pointwise at xy (local): d(ﬁ, f)= |ﬁ(x0) — f(zo)], for some xy € [0, 1].

2) Tntegrated (global) : d(F. f) = IF, — flle = \/Jo (Fule) — f())2d.
Here || - ||2 is defined by

PR / (9(x) e

It is a norm in Hilbert space L?[0,1] = {g : [0,1] — R such that ||g||s < co}.

Markov’s inequality is a tool to verify consistency:
P<d(fn7 f) > 6) S 672E[d(fn7 f)2]
For these distances, E[d(f,, f)]? has particular names.

1) Mean squared error (MSE):
MSE(fu(20)) = E[|fu(z0) — f(0)[*] = v(wo) + [b(xo)]?

2) Mean integrated squared error (MISE):

MISE(F,) = B[, — fI [/ o)~ flo)Pde| = /01v<as>dx+ /Ol[bm]?dx,

~ ~

where b(x) = bias(f(x)) = [ x } — f(z) and v(x) = Var(f(z)) are the bias and the

variance of f(x)
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Therefore, M(I)SE(ﬁ) — 0 as n — oo implies consistency in the corresponding distance.
We will also study the rate of convergence of the estimators, that is, how fast MISE and
MSE decrease to 0 as a function of sample size n.

10.1.5 Notation
The indicator function of a set A is

1, ifxeA,
La(z) = { 0, ifxé¢ A

Informally, we will also write 1(|x| < 1) for 1j5<1(2).
Denote the support of a function g, the set of arguments where g is nonzero, by

supp(g) = {z : g(x) # 0}.

10.2 Kernel estimators
10.2.1  Designs
Definition 10.2. A set (Xi,...,X,) is called a design

Definition 10.3. A design (X1,...,X,) is called fized if the values x1, ..., x, are non ran-
dom

Example 10.1. An equispaced (reqular) design x1 < xo < ... < x, is a fized design such

_ S S I T A |
that x; —x;_1 = 1/n, e.g. 2 =i/n 0, = = 1y = 5= + .

Definition 10.4. A design (Xi,...,X,) is called random iff X1,..., X, are iid random
variables, X; ~ p(x).

Example 10.2. z; ~ U[0, 1] with p(x) =1 for x € [0, 1].

10.2.2 Nadaraya-Watson estimator
Definition 10.5. A function K (z) is called a kernel iff [*° K(x)d(x) = 1.

If K(x) >0, K(x) is a probability density.
Definition 10.6. If K(z) = K(—=x), then K(z) is a symmetric kernel.

Definition 10.7. A kernel K has order m iff ffooo 2'K(x)dx =0 forall £ =1,2,...,m —1
and [7 a™K(x)dx # 0.

If K is symmetric, then K has order > 2.

Example 10.3. All these kernels are symmetric of order 2, except the last one.
a) Uniform (boz, rectangular) kernel K (z) = 31(|z| < 1).
b) Triangular kernel K(z) = (1 — |z|)1(|z| < 1).

¢) Gaussian kernel K(z) = \/%76_302/2.
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d) Cosine kernel K(x) = 7 cos(mz/2)1(|z| < 1).

e) Sinc kernel K (x) = Singx). This kernel has infinite order, since fj;o sin(rz)a™ tdr =

0 for all integer m > 1.

Remark 10.1. If K(z) is a kernel, then K;(x) =
bandwidth.

Example 10.4. If K(z) = $1(|z| < 1) is a kernel then K(z) = 11(|z| < 2) is a kernel.

%K (%) 1s also a kernel. h is called the

Definition 10.8. The Nadaraya- Watson Estimator

f/WW(a:) % 1Y}§ZL(X , when ZKh # 0,

otherwise ]/“WW( )=0.
Motivation for the Nadaraya-Watson estimator.
Recall that f(x) can be written as
yp\r,y
o) =B X =o) = [ty | )y = [P0y

Consider the following kernel density estimators:
ZKh — ), Polz,y) ZKh — ) Kn(yi — ). (124)

Plugging p,(x) and p,(x,y) into E(Y;|X; = z), we have

> > ybu(2,y)
Now we simplify the numerator, assuming that the kernel is symmetric

/_Ooypn(xy) 5/ yZKh i — ) Kaly ZKh x/ooyKh(y_y»dy,

and the last integral is

o (y jf’") ty=le= -/l = [+ )R

:yi/ K(Z)dz+h/ 2K (z)dz = y;

assuming that the order of the kernel K is at least 2.
Therefore, an estimator of f can be written as

N Tty K —a o
w (o) = nty " Ky(z — o) <Z Kn(z ) # 0)

which coincides with the Nadaraya-Watson estimator. Thus, we proved the following
proposition.
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Proposition 10.1. If K(x) is a symmetric kernel of order > 2, under random design,

NW > ypu(,y) .
Jo =/ —— Ay 1(pn(z) # 0),
M) = [y 15, 0) £0)
where D, (x) and py(z,y) are kernel density estimators defined by (124).

) it Vil (@i — )

> yilKp(@; — ). This estimator also works

~

If X; ~ UJ0,1] then p(z) = 1 and f(
for a regular fixed design.

—1

If we know p(x), then we can write f(w) =
T) =

Example 10.5. Consider the boz kernel K(z) = 0.51(z € [—1,1]). Then, for x and h such
that |x; — x| < h for at least one i, the Nadaraya-Watson estimator can be written as

TP () = it YRR S Vil <) Dpaatn ¥
h—1 Zn 1K($1h$) Z?:l %1< %| S 1) Zz |zi—x|<h 1

i=1n
The Nadaraya-Watson estimator is an example of a linear estimator.

=

~

Definition 10.9. Estimator f(x) is called linear if it can be written as a linear function of y,

-~

ie. f(z) =30 Wilx)Y; = WT(2)Y where Y = (y1,...,yn)", W(z) = (wi(z),. .., w,(x))"
and W (z) does not depend on y, only on (x1,...,2,).

If an estimator is linear, then it is easy to find its distribution, and hence to construct a
confidence interval and a confidence band (see Section 10.2.8).

Now we study the bias and the variance of the Nadaraya-Watson estimator in two frame-
works, asymptotic as the sample size n grows to infinity, and for a fixed sample size.

10.2.3 Asymptotic properties of the Nadaraya-Watson estimator

As we saw in Section 10.1.4, to study consistency of an estimator, it is sufficient to study
the asymptotic behaviour of its bias and variance. Thus, to study consistency of the NW
estimator, we investigate asymptotic expressions for its bias and variance under the following
assumptions.

Assumptions

1. Asymptotic: n — oo, h — 0, nh — oo,

2. Design xy, ..., x, is regular deterministic,
3. z€(0,1),

4. 3 f",

5. Kernel:

“+o0o def +oo
/ rK(z)der =0, 0<p(K) = / 2?K (z)dr < oo,

oo

K3 = /_+OO[K(x)]2d:c < 0.

o0
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In particular, we assume that the unknown function f has a bounded second derivative and
the kernel is of order 2.

A key tool to deriving the asymptotic expressions for the bias and the variance is
approximation of a sum by an integral. Since the design (z;) is regular deterministic, i.e.
x; — x;—1 = 1/n, for any function g(z),

%Zg(:p,) ~ /0 g(2)dz.

In particular, the denominator of the NW estimator is

%iiKh(Xi—x)%/olKh(z—x)dz = /OIK(Z;I>d<%):/ K (v)dv

&
=
S
Q
<
I
—_

since n — oo, —x/h — —oo and (1 —z)/h — +00 as h — 0. Here it is important that x # 0
and x # 1, that is, it is not at the boundary.

Asymptotic bias of the NW estimator: b(z) ~ ”2(K f”( ).

b(x) =E f sz X;) — f(z)] [Taylor Expansion ]

~3ue [ X —w)+f”()w—f(x)}

. g Ky, i_x) e . e (Xi_x)Q
Y e [ e

—2)
z% [f’(:v)Z(X — ) Kp(X; —x) + (= ZKh X+x)2]

~ f'(x) /01(2 —z)Kp(z — z)dz + f”(ac)/0 Kn(z — ) (2 ;x)zdz
1=2)/h 2 1-z)/h
~ f'(x)h /_ (m "™ Koo + f”(:c)% /_ (x/h " o)
/ K(v)vdv + f"(z / K (v 2dv
= ﬁf”(m)

2
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2

Asymptotic variance of the NW estimator: v(z) ~ Z||K]|[3:
- - Kn(X; — 2))
v(z) = o? Z[wz(x)]Q =0’ Z K 2] >
i=1 i=1 [Z?:l Kp(X; — x)}
2 n

g 2
%{% Yy Kn(Xi—z)~1} n2 Z [Kn(X; — 7))

=1

0_2 1 0_2 1 zZ—x 2 Z—X
1y N~ — Kn(z — 2)PPdz = — K d
g2 [A-x)/h

2 00

{=5r =& o (K () dv~ — [ [K(v)]" dv

—00

2
g

= —||K||3.
I

Therefore, the asymptotic MISE (AMISE) is:

1 1 K)h2 2 1 2
wisE = [ () + o)) o~ [ |2 )] ot [ T B
WMy e AR
= = 1K) t

We are in general interested in having the “best” estimator of the function. This can be
interpreted as finding A and K that minimise this error. We start with optimising over the
kernel, introducing canonical kernels.

10.2.4 Canonical Kernel

Given a kernel K (x) of order 2, consider a scale family of kernels:

{Kg(x) — %K (%) 5> 0}

Definition 10.10. The canonical bandwidth, dy, is defined by

where po(K) = fj;o 2?’K(x)dx and ||K||s = \/fj:OO[K(x)]zdx

Then, given a scale family of kernels {K(;(x) = 1K (%) ,0 > 0}, the canonical kernel,

— 3
K50? is
1 T
K =—K(=—]).
wo) =5 ()
Choosing the canonical kernel in the scale family allows comparison across families of

kernels. For example, we shall see that if we choose a canonical kernel, the optimal bandwidth
does not depend on the kernel.



167

Introduction to Statistics for GWs

Lemma 10.1. For a scale family {Ks,d > 0}, the canonical bandwidth &y satisfies
|| K5, I3 = [pe2(EG5,))*.
Proof. We show that if || K| = [p2(K3)]° if and only if h = d;. Consider separately the
right and left hand sides.
il = [ rae =g [ (5 (5)] a(5) = HIKIE
Mz = [ 5k h h n) Rl

—00

+o0
pa(Kp) :/_ 22Ky (x)dr = h? /_OO . .

L|| K||2 = [h2u(K)]” which implies that

") R ()

Therefore, |[Ku|[5 = pa(Kn)* <

10.2.5 Optimal kernel and optimal bandwidth
We are looking for the kernel and the bandwidth that minimise the asymptotic MISE. The

AMISE is given by
" 2 K 2
AMISE ~ If (4)”2 [h M2<K)}2+%|I th

For a canonical kernel, the AMISE factorises into a term that depends on bandwidth and a

term that depends on the kernel:
" 2 2
AMISE ~ || K|]2 [h‘*—”f @l | hla—l .
4 n
For any kernel, we can also define the optimal bandwidth, A, by minimising the
AMISE over h. First, we take a derivative of the AMISE with respect to h:
0 C
— AMISE = |4h°Cy — h 22| =0
oh n

where Cy = ||f"(z)||312(K)?/4, and Cy = o?||K||3, which is solved by

, :(&>:( o?| 1K1 )
= \anc) T \nllF) Bua()?

which corresponds to the minimum of AMISE. For a canonical kernel we note that || K||5 =
p2(K)? and so the optimal bandwidth does not depend on the kernel but it does depend on

ut =

the unknown function.
Using the optimal bandwidth, the AMISE becomes

sanse UL ()’
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Optimal kernel: choose the kernel K to minimize the AMISE. From the preceding
expression, this corresponds to minimising the quantity /po(K)||K||3. We note that this

is independent of bandwidth, in the sense that +/us(K)|| K2 = +/u2(K5)||K6||3 for all 4.
However, rescaling by ¢ in this way will change the corresponding optimal bandwidth, so
that the rescaled kernel with its optimal bandwidth is unchanged. We can use this freedom
to set po(K) = 1 (which requires rescaling by § = 1/4/pu2(K)). For this choice, minimising
the bandwidth-optimised AMISE is equivalent to minimising || K||3 under the constraints:

/K(x)dx =1, /xK(as)dx =0, /:BQK(x)dx =1

The canonical kernel that minimises || K ||2 under these constraints is

Ko () = 2% (1 _ %) 1(J2] < V5).

This kernel is called the Epanechnikov kernel. For the Epanechnikov kernel, || K||2 = 3/5v/5
and po(K) = 1 by construction, so the optimal bandwidth is

b :( 302 )5
P\l f@)l3)

Therefore, the optimal kernel with the optimal bandwidth, K}, is given by

1 x 3 1 x?
K, (z)= —K == 1— —— ) 1(|z| < V5hop),
@) =t (55 ) = 5 (1 ) 1001 < VB

opt

and the Nadaraya-Watson estimator constructed with this kernel has the smallest AMISE.
The efficiency of a kernel family {Ks, 6 > 0} for a given kernel K is defined as

5 5
5 5
ViU IKIE V(B EKsll3 [ m(Ks) | [ 1Kl
/ o opt||2 o o o opt o opt ||2
/’LQ(K pt)||K ptHQ /’LQ(Kégptt)HKag;tH% ILLQ(K(SSN) ||K58Pt||2

where 4y is the canonical bandwidth for this kernel family, K°P! is the Epanechnikov kernel
and 0P is its canonical bandwidth. The efficiency to the fourth fifths power gives the ratio
of the AMISE for this family of kernels relative to the optimal kernel family. For many kernel
families, the efficiencies are close to 1, for instance, it is 0.951 for the Gaussian kernel family,
0.930 for the box kernel family and 0.986 for the triangular kernel family.

Note that since the optimal bandwidth depends on the unknown function, this expression
gives a theoretical bound but it is not applicable in practice. One way to avoid dependency
on the unknown function is to take hopy = Cn~1/5 which gives the same order of MISE in n
but not the optimal constant. Another way to find the best h that is used in practice is to
use another approximation of MISE which results in the approach called cross-validation.

10.2.6 Non-asymptotic properties of the Nadaraya-Watson estimator

Nonasymptotic properties of the Nadaraya-Watson estimator can be found in the form of
upper bounds on the absolute value of the bias and the variance, and hence on the MSE
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and MISE. We shall see that the upper bounds are the same functions of the sample size n.
The constants in the upper bounds inform us how the errors depend on other features of the
model, such as the kernel, the smoothness of the function, design, etc.

Before we state the upper bounds, we will define a class of smooth functions, the Holder
Class HP(M). When the parameter 3 is an integer, the class H?(M) contains functions
with 8 derivatives whose absolute values are bounded by M. However, the class is defined
for arbitrary values g > 0.

Definition 10.11. The Hélder Class HP (M) of functions on [0,1] with 8 > 0, M > 0 is
defined as the set of functions f that satisfy the following conditions with k = | 3] :

1. |f®)(2)| < M for all x € [0,1],
2. |fW (@) = fPy)| < Mz —y|P=F, Va,y € [0,1],
where f%) is the kth derivative of f.
If8€(01), k=0 and f(x) = f(z).

Example: if 3 = 1, the Holder class H'(M) contains functions such that |f'(x)] < M
for all z € [0, 1].

Example: the function f(z) = /|z — 0.5], z € [0, 1], does not have a derivative for all
x € [0,1] but it belongs to the Holder class HP (M) with 8 = 1/2 and M = 1 due to the

inequality
VIzl = VIl < V2 =yl Vz,y€[0,1].

Now we derive upper bounds on the absolute value of the bias and the variance of the
Nadaraya-Watson estimator of a function f that belongs to a Holder class HP (M) with

g€ (0,1).

Proposition 10.2. Suppose that f € H*(M) on [0,1], with 8 € (0,1] and M > 0. Let fNW
be the Nadaraya — Watson estimator of f.
Assume also that:

a) the design (Xi,...,X,) is reqular deterministic;
b) var(s;) = o?;

¢) AN > 0 such that ¥z € [0,1],

d) supp(K) C [-1,1] (i.e. K(x)=0 forx ¢ [—1,1]),
and 3 Kpax € (0,00) such that 0 < K(u) < Kpax, Vu € R.

Then, for all xy € [0,1] and h > 1/(2n),

0° Kmax
|b(z0)| < MR, v(xo) < Wi
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Proof. 1. The bias of the NW estimator when f € HB(M) with 3 € (0,1) is
bias(FN (x)) = E(FYW (x Z WY (@) [f(x:) — ().
Note that Va, > WA (z) = 1, since
Zz 1 Kh
> W) AT (ZKh z 7Ao)

Therefore, the bias is given by

bias(ﬁvw(x)) = Z W (@)[f (z;) — f(2)).

Since the support of K is [—1,1], the support of Kj,(x) = +K(x/h) is [~h, h], therefore the
sum is only over those i where |x; — z| < h, that is,

=2)(f(z;) — f(z ‘Z ws—af<n K (5 h_x)[f(fz)—f(ﬁ)]

Z K(25)

Zz s — :c|<hK(mi )1 f (i) — f(2)] Z i — a:|<h . M|$i—$|ﬁ
2 K(55%) 2K ()

[bias(f" ()] = DX

<

N;

< MR’

using K (z) > 0 for all z. In particular, the bias is small when A is small, that is, bias(fN W(x)) —
0 if h — 0. The extension of the proof to =1 is left as an exercise.

2. The variance of the NW estimator can be written as

v(w) = Var(fX" (x)) = Var <Z wi(ﬂﬁ)(}ﬁ')) =) [wi(@)]*Var(Y))
i=1 i=1
since the Y;’s are independent. From assumptions (a) & (b), we know that Var(Y;) = o2,

since the x;’s are fixed. Therefore,

2 - [Kn(X; _x)]Z

v(r) =0 ) assumption d) K(z) > 0 for all z
=1 [Zj:l Kn(X; — x)]
_ 2% S KR(Xi — ) assumption d),l‘v’u, IX((iu) < Ifgmax implies
i z KalXi— ) = b (35) < B
|:Zj:1 Kn(X; — 13)]
, Krgax ZZL CKn(X; — x) z[abssil]mptlon ¢) 3Xo > 0 such that Vx €
n>\0 ijl Kh(Xj - l’) Z?:l Kh(XZ . ZE) > TL)\O-
_ 0°Kax
nh)\()
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Now we consider the bounds on the MSE of the NW estimator. Under the conditions of
Proposition 10.2,

2
07 K max

MSE(f¥Y () = [bias(fYW (zo))])? + Var(F¥ (20)) < MR + TS

n n

The upper bound on MSE is the smallest if

2 1/(28+1)
h=h, = O Koax
2&M2/\07l

)

and the corresponding MSE bound is

) 2K 28/(28+1) 22K 2ﬁM2)\0TL 1/(26+1)
o (k) o )

MSE(ﬁz\,]hn (z0)) < 2B8M2\on + n\o o?K,

—0 as n— oo.

25/ (25+1)
< (1+428) MY (Uszax)

2ﬁ)\0n

1/(26+1)
Hence, the Nadaraya — Watson estimator with A = h,= < 0% Knax ) and kernel K

satisfying conditions of Proposition 10.2, is consistent for estimating functions from Hoélder
class H? (M) for 8 € (0, 1].

Example 10.6. (continued) Derive upper bounds on the absolute value of the bias and
the variance of the NW estimator with the box kernel K(z) = 31(z € [—1,1]) under the
nonparametric regression model with 0®> = 1 and x; = i/n. Let f € H*(M), M =5, = 1/2.

Now we verify the assumptions of Proposition 10.2. Assumptions a),b) are satisfied.
Assumption c) is 5~ Zi:\xi—z\gh% > N, h > 1/2n.

Let’s count the number of integers i between 1 and n such that |i/n — x| < h. Since
li/n —z| < h < (ne —nh) <i < (nx+nh),

we need to count the number of integers in the interval [nx — nh, nx + nh).

In general, in an interval [a,a + b] for some b > 0, the number of of integers is |b] if a
is not integer, and it is |b] +1 if a is integer. Here |b] is the lower integer part of b, that
is, the largest integer that is less than or equal to b, e.g. |5] =5, [7.3] =7 and |2.8| = 2.

Therefore, the smallest number of integers in the interval [nx — nh,nx + nh| is |2nh|
which is greater than 2nh — 1 since |2nh| < 2nh < |2nh] + 1 by the definition of the lower
integer part. Hence, we need h > 1/(2n), and then we can take \g =1 — 1/(2nh) > 0 since

1 1>2nh—1
n h — 2nh

=1—1/(2nh) = X

Assumption d) is satisfied with Kp.x = 1/2.
Therefore, by Proposition 10.2, for n =12 and h > 1/24,
1 1 1

()] < MI = 5Vh o(a) < g s = ST T SR T

The corresponding MSE (and MISE) for fNV (z) is bounded by

MSE(fNW () = b*(z) + v(x) < 25h +

24h —1°
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The derivative of the upper bound with respect to h is

24

25 — —“°
° (24h — 1)?

which is zero for h > 1/24 at

1 24
By = — | 1 “2 ) = 0.0825.
vt 24< + 25)

This corresponds to the minimum of the MSE since the second derivative with respect to h
. 2 . . .,
of the upper bound is %ﬁl)g which s positive.
Therefore, the optimal bandwidth is 0.0825.

10.2.7 Rates of convergence

We would like to find the estimator of f which is not only consistent, but also achieves the
best possible rate of convergence over some class of functions F, such as the Holder class
HP(M). Now we determine the rate of convergence of the NW estimator, in both local and
global distances, and address the question whether it is possible to achieve a faster rate of
convergence.

Definition 10.12. ¢, is the convergence rate of an estimator f; at point z, (local
rate of convergence) over a class of functions F, if

Fulzo) — F(0)]]
On,

0<c<supE
feF

< C < o0,

where constants ¢ and C' do not dependent on n, and the rate ¢,, is only related to n and the
function class F. R
Similarly, the global rate of convergence of estimator f,, over a class of functions F is ¢y,

if
11 = fllo fll:]”
Dn

where the constants ¢ and C' do not depend on n, and the rate ¢, is only related to n and
the function class F.

0<c<supE
feF

< O < o0,

Recall that [|f,(z) — f(@)l]2 = \/Jy [Fu(e) — f(2)2da.

Definition 10.13. For a class of functions F, ¢} is the local minimax convergence
rate, if

MSE(T,

< C < o0,
o socon) feF  (O3)

0<c<inf sup supE
Jn 20€(0,1) fEF

o) — f(x0)]]
or

where the constants ¢ and C do not depend on n, and the rate ¢} is only related to n and
the function class F.
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Similarly, for a class of functions F, ¢} is the global minimax convergence rate, if

1o = f!lz] it sup MISEU)
o

< C < oo,
fn feF (¢7)? h

0<c<infsupE
fn fEF

where constants ¢ and C do not depend on n, and the rate ¢}, is only related to n and the
function class F.

Definition 10.14. An estimator ]/‘; is said to achieve a minimazx rate of convergence (local
or global), if the rate of convergence of this estimator is the corresponding (local or global)
minimax rate of convergence.

Now we investigate whether the local rate of convergence for the Nadaraya-Watson esti-
mator is minimax.

Theorem 10.1. Let assumptions of Proposition 10.2 hold for all x € [0,1]. Then, the NW
estimator fNW(x) with h = an™Y8+Y) for same o > 0 satisfies

lim sup sup E [((ﬁNW(:EO) - f(xg))nﬁ/(wﬂ))g} < C < oo,

N0 20€[0,1] FeHA (M)
where constant C depends only on 3, M, 02, \o, Kmax, O

Proof. By Proposition 10.2, V.f € H?(M),Vx € [0,1],
B|(A"" @ - s@)’| < cos
with C' < oo dependent on K., Ao, 8, M, o, 02 which can be written as
B |((B™" @) - fap)| <c

Taking supremum over f € H°(M), x € [0,1] and n, as n — oo, we have the statement. [

Therefore, the pointwise rate of convergence of the Nadaraya-Watson estimator is n =2/ (26+1),
In fact, it can be shown (Tsybakov, 2009, chapter 2) that this is the local minimax rate of
convergence, so the Nadaraya-Watson estimator achieves this minimax rate and so it is in
this sense the “best” estimator, but there do exist other estimators that achieve this rate of
convergence. It is straightforward to show that the NW estimator also achieves the global
minimax rate of convergence.

The upper bounds being used here apply for the Holder space with 8 € (0,1]. For the
Nadaraya-Watson estimator to achieve the minimax convergence rate for 5 > 1, one needs
to use kernels of higher order. Local polynomial estimators, which will be discussed in
Section 10.2.12 are locally and globally minimax for g > 1.

10.2.8 Inference using a linear estimator
In this subsection we consider the nonparametric regression model
}/;:f<X’L)+€Zj ’izl,...,n

with independent errors &; ~ N(0,0?) and a deterministic design (z1,...,2,). These as-
sumptions imply that E(Y;) = f(X;) and Var(Y;) = o2
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10.2.9 Confidence intervals for f(zy) based on a linear estimator

Denote b(z) = bias(f(:v)) =E []?(x) - f(x)] and v(x) = Var(f(:z)). Then, for a linear

estimator f(z) = "1 Yiw;(x),

Var (o)) = o* Y lu(a))” = vla),

~

therefore f(z) ~ N (b(z) + f(z),v(x)).

The variance depends on the weights w;(x) and o which are known, so it can be calculated
exactly. If we knew the bias, which depends on the unknown function, we could construct
(1 — @)100% confidence interval using the fact that the following inequality

holds with probability 1 — «, that is,

~ ~

[(@) € [F(w) = ) = 25 /o), Flw) = b(a) + 2 /o))

Here z, = ®~!}(1 — ) where ®(z) is the cumulative distribution function of N(0,1).

However, the bias is unknown, so it is not possible to construct the exact confidence
interval. There are two approaches to addressing this issue. The first one is to construct
an asymptotic confidence interval where the estimator is constructed in such a way that
asymptotically the bias is much smaller than the variance, and therefore may be treated as
0. For the NW estimator, this means choosing a smaller bandwidth. The second one is to
use an upper bound on the bias to construct a conservative confidence interval.

e (1 —a)100% Conservative Confidence Interval for f(z).
If |b(z)| < bo(z) & v(z) < vo(x), then

F2) € fla) + (bo(x) + 24 %(x)) .

e (1 —a)100% Asymptotic Confidence Interval for f(z).

-~

Choose the estimator f(z) so that b(z)? < v(x), thus we can assume b(z) ~ 0:

~

f(z) € f(x) £ 2a/v(z).

The asymptotic expression for the variance is often used in this case.
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10.2.10 Confidence intervals using the Nadaraya-Watson estimator

For a Nadaraya-Watson estimator f € H?(M) on x € [0, 1], under the conditions of Propo-
sition 10.2,
0% Knax

< ;
Ry
Therefore, a (1 — a)100% Conservative Confidence Interval for f(z) is

ﬁVW(I) + (Mhﬁ + Za/20V Kmax/(nhf)\O)>
= J/HVW(x) - Mhﬁ - Za/QU V Kmax/(nh)\(J), J/HVW(Q:) + Mh’B + ZQ/QO'\/ Kmax/(nh)\o)] .

Alternatively, taking the limit n — co and h — 0,

~ pi2(K)h?
2

Therefore, a (1 — a)100% Asymptotic Confidence Interval for f(x) is

b(z)| < MR,

02 2 "
v(z) ~ K, b(2) f'(x) = 0.

PN (@) £ zapp0 /|| K |3/ (nh)

= [fww(:v) — 20\ 1K/ (nh), F¥Y (@) + za20 HK!B/(M)} :

10.2.11 Asymptotic Confidence Band for f

~

Assume that the bias of f(x) is much smaller than its standard deviation and is close to 0,
ie. |b(x)] < y/v(x) and b(x) =~ 0. Then, an asymptotic (1 — a)100% confidence band based
on the NW estimator is given by

{F:1£@) = F@)l < ca/o(@), Vo € [a,8]}

/ o b —al [|K"]l:
o N 21 ( ), h = )
C og oh whnere ag - HKH2

(see Wasserman, section 5.7). For the NW estimator, we can use v(z) ~ g—z||K||§
Confidence bands can be used to test hypotheses about f, e.g.

Hy : f(x) = constant Va € [0, 1].

with

10.2.12 Local polynomial estimators.

Motivation and definition The Nadaraya-Watson estimator can be viewed as a local
constant least squares approximation of the unknown function. If the kernel K takes only

nonnegative values, then for each z € [0, 1], J/”?LVW(x) satisfies

Ja" () = arg min {i“ —0.)°K (Xih_ )}

=1

n X, —
:argglé%{Z(ei—Z@mﬁ+Y;2)K< Zh .:1:)}

i=1

_ X,—x - X,—x
— 1 2. ¢ — . . t
= arggﬁlg& {996 ;:1 K( . ) 0, -2 ;21 Y;K( . ) + C'Xzyl(x)}
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Therefore, if Z?Zl Ky(X; — z) # 0, the value of 6, that minimises this weighed sum of
squares coincides with the Nadaraya-Watson estimator:

NW(SL‘) _ Z?:l KK}L(‘XZ B x)
" Z?:1 Kip(X; — )
This estimator can be generalised further by considering a local polynomial rather than

a local constant approximation. For a function f(x), if 3f*)(2), then for x; sufficiently close
to x,

(k) b .
e 1)+ P @)+ D= S P gy
k |
; I A N E—
;Of( L!< - ) = Uz iba

where

0. = (F(x), ()b, f'(x)h2, ... O @)k

T
U 1@—1‘1 T; — T 2 l T, — T k
S\ R 2 h T g h

Definition 10.15. A local polynomial estimator of f(x) of order k , denoted LP(k) estima-

tor, is defined by R
FiP (@) = Bo(x)

~

. - T
where for each x 0(x) = (Go(x), 01(z),. .., Qk(x)> is the solution of

~ i X, —x
O(z) = YV, —UL6.)PK [ —/——— ) ¢.
(@)= al"ggglﬂékﬂﬂ{Z( urorx (2 )}

=1

For eachm =1,...,k, O,,(x)/h™ is an estimator of ™ (z).

Therefore, the local polynomial estimator provides simultaneous estimators not only for
f(z) but also for all existing derivatives of f.

This estimator can be written explicitly. Noticing that the expression to be minimised is
quadratic in the vector #,, we can open the brackets to obtain

~ - X, —x
— ; T 2 v
6, = arg 1%111{ g (Y = U, 0.)°K < ; )}

i i=1

& Xi—x
_ : Trr 11T _ orT g v 4 2 i
= argmin { E (03 U iU, 10, — 2U, ,0,Y;: + Y7 ) K ( : ) }

“ i=1

_argmm{GT ZUMUT ( . x) -GI—GE-QZYiUx,iK (th—x> —l—CXi,Yi@j)}

i=1

which is equivalent to

0, = arg H;in {67 - B(z) -6, — 207 - a(z)}
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where the matrix B(x) and vector a(z) are defined by

X, —x 1 — X, —x
U T — E R .
nh Z villzi ( h ) alz) = nh — Yot ( )

1 n
= § jU“UT Kn(X; — ) =~ Y YUKy (X — x)
—

Hence, if B(x) is invertible,
0, = B~ (x)a(x).

Therefore, the Local Polynomial estimator can be written as
Fif (@) = bolw) = e B~ (w)a(x)
where the matrix B(z) and vector a(x) are defined above and el = (1,0,0,---,0).

Note that the local polynomial estimator ]?nLP (x) is linear:

with weights

that are independent of Yi,...,Y,,.

Bias, variance, consistency and the rate of convergence for local polynomial
estimator

Proposition 10.3. Suppose that f € H?(M) on [0,1], with 3 > 0 and M > 0, and
a) the design (Xi,...,X,) is reqular deterministic;
b) E(g;) = 0,Var(e;) = o%;

c) 3o > 0 such that Vo € [0,1], the smallest eigenvalue Ayin(B(z)) of B(x) satisfies

Amin(B(x)) > Ao , where B(x ZUMUTK;L —x);

d) supp(K) C [—1,1] and 3 Kpax € (0,00) such that Vu, |K(u)| < Kpax-
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Let ﬁfp be the Local Polynomial estimator of f which satisfies the above assumptions

with k = |B]. Then, for allx € [0,1] and h > 5-,

CK ,3

2C% 2K
b(a)| < 5 M o Ck .

- with Cg = "

v(z) <

Note that if 8 € (0, 1), the LP estimator becomes the NW estimator, and this proposition
coincides with Proposition 10.2. R

Now we study consistency and the rates of convergence of f-¥(x). Under the assumptions
of Proposition 10.3, MSE of fXP(z) is bounded by

B (727 = b + o) < [Sn] 0+

0-20}'2( h*l

which is minimised at

a2C% 23T 2112 N
ey — [ ) — (M) "
Qﬁ(CKM) 28M?n

with the value of the minimum being

Cx . 1° 202, 2
MSE [fnhopt(x)] < {|:k—[‘(M:| hggt g hopt} CLP n 26% — 0 asn — 0o,

where Cpp is a constant depending only on M, k, 0% and C (i.e. Kpax, Mo)-
Now we study the local and global minimax rates of convergence of the LP(k) estima-
tor with h, = an 7 over HP(M) with k = |3]. In this case, under the conditions of

Proposition 10.3,
a?M? 28

rLP 2 -1 2| -5
MSE |:fn7hn<l’>i| < CK |:W +a o :| n 26+ ,

which also implies that
MISE (FLP(z)) = [, MSE(FLP (2))da < Cn~ 5+t

with the same constant as in the upper bound on the MSE. Therefore, both local and global

_B_ . . .
rates of convergence of LP (k) are n~ 1#26 . Therefore, the local polynomial estimator achieves
both local and global minimax rates of convergence. Hence, we proved the following theorem.

Theorem 10.2. Under the assumptions of Proposition 10.3, the Local Polynomial estimator
1
with the bandwidth h = h,, = an” 25+1, a > 0, satisfies

~ 2
lim sup sup sup E [n%‘%]f(xo) — fn(aso)@ < (O < oo,
n—o0 feHP (M) zo€[0,1]

92
lim sup sup E [nw‘%Hf - ang} < (O < oo,
n%oofeHB(M)

where C' is a constant depending only on B, M, ag, Ao, 0 Kinax and o.

max 7
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10.3 Smoothing Splines
10.3.1 Definition

Definition 10.16. A smoothing spline is the penalised least squares estimator of f:

n

fret(w) = angmin | 3 7(Vi = f(20))* + Apen(f) (125)

i=1

with penalty function pen(f) = [[f"(z)]?dz = ||f"||3; X > 0 is called the regularisation
parameter.

The solution to this minimisation problem has a simple form that is called a natural
cubic spline.

Definition 10.17. Let a < t; < .. < ty < b be a set of ordered points - called knots. A
cubic spline is a continuous function g such that

e g(x) is cubic on [t;,t;41], for each j =1,..,N —1:

g(a:) = 040 + bjl.T + bj2x2 + bjgﬂfg, T € [t]’, tj-i-l]a

e both ¢ and ¢" are continuous at t;, 1 =1,..,N.
A spline that is linear beyond the boundary knots is called a natural spline.
e g(x) is linear on [a,t1] and [ty D]
g(x) =boo + borx , =€ la,t]
g(x) =bno+byiz, x € [ty, D]
Theorem 10.3. (without proof) Solution f}fen of the above problem is a natural cubic
spline with knots at the data points.

Theorem 10.4. Let knots a <ty <--- <ty <b. Forj=3,...,N, define

hi(z) = 1,ho(z) ==,

hi(z) = (z— tj—Q)i - (tx —tn 1) (r —tn_1)y
tn_1—ti_
Uvaz b gy, v,
(ty —tn-1)
where (z — y)% = max {(z —y)®,0}

The set of functions (hj)j.vzl forms a basis for the set of natural cubic splines at these
knots.

Thus, any natural cubic spline g(z) can be written as

g(z) = Zﬂjhj($)~
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By Theorem 10.3, the solution of the minimisation problem that defines the smooth-
ing spline is a natural cubic spline, and by Theorem 10.4, it can be written as the linear
combination of the basis functions h;(z), j = 1,2,..., N. Hence, minimising over functions

f25 = arg min {Z (Yi = f(:))" + A/ ()] dﬂc}

= arg min {Z (f(xz)2 —2f(z:)Yi + YZQ) + )‘/ [f”(x)]Q dx}

is equivalent to minimising the following expression over the (n + 2)-dimensional vector f:

[iﬁjhj( ] —2%[25] Y+)\/[Zﬁjh” r

J=1 i=1 [Lj=1

N
— arg min
B = arg min >

i=1
= arg Bmﬂig}v {B"H"HB —28"H"Y + \3"Qp},
(S

where N x N matrix H has entries H;; = h;(z;), i =1,...,N,j=1,...,N,and N x N
matrix 0 has elements Qj, = [ 2f(x h}’( Ydz, 5, =1,...,N.

Hence, if (HTH + )\Q) is invertible,
B=|(H"H+x) " 1Y,
Therefore, we have proved the following theorem.

Theorem 10.5. A smoothing spline can be written as
N ~
Si = Zﬁjhj ()
j=1
where B = (B\l, . ,B\N)T is given by
B=(HTH+ ) 'H"Y
where Y = (Y1,...,Y,)T, and matrices H = (H;;) and Q = () have entries
b
Hi; = hj(x;), Q= / h;’(a;)h;’(ac)dx, rel,...,n, j,lel,....N

The smoothing spline is a linear estimator since it can be written as

N)\_E w;(x

with weights
N

w;(z) = Zhj(x) [(HTH - /\Q)f1 HT]

j=1 7
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Figure 42: Smoothing spline for example 10.7.

Example 10.7. Construct a smoothing spline on [—2,2] given data (—1,2), (0,4), (1,1).
Take A = 0.01, and construct the smoothing spline using

=ZZ [(HTH + Q)" H]j:hy(2)Y;.

i=1 j=1

The matrices necessary for the calculation are H = (H;;), Hij = hj(x;):

1 -1 0 30 7
H=(1 0o 1], H'H=[0 2 6
1 1 6 7 6 37
and Q = (Qy), Qe = [ 1) (x)hi(x)dx:
00 0
Q=1[00 0
00 24

We find the coefficients of the natural spline are 37 = (5.00917,2.94037, —1.14679). The
data and smoothing spline are shown in Figure 42.

10.3.2 Choice of Regularisation Parameter A

In papplications, A is usually chosen using cross-validation

n

X = arg r§1>1£1 {Z <Y; - J?,\z(iUz))Z}

=1
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Smoothing splines Silverman kernel

0.3
1

0.2

0.1
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0.0 0.2 0.4 0.6 0.8 1.0 -10 -5 0 5 10

Figure 43: Left: smoothing spline estimator  Right: Silverman kernel

where ]?A,,i is a smoothing spline based on all data points except the 2’th. The expression
to be minimised is an unbiased estimator of MISE.

Smoothing spline estimators with different regularisation parameters A are plotted in
Figure 43 (Left). The black line corresponds to A is chosen by cross-validation, the red
line - to A = 0.05, and the blue line - to A = 2. For small A = 0.05, where the leading
contribution comes from the likelihood, the fitted curve is close to the data points but is not
particularly smooth. For larger A = 2, the penalisation term dominates the likelihood term,
and the linear curve is such that the penalty term is zero (since the second derivative of a
linear function is 0). A chosen by cross-validation provides the estimator with the trade-off
between fit to the observed data and smoothness.

10.3.3 Smoothing Spline as a Kernel Estimator

For large N, the smoothing spline is asymptotically equivalent to a kernel estimator:
F5(x) ~ Y (@),

where fN W(x) is the Nadaraya-Watson estimator with the Silverman kernel:

K(2) = ge ¥ sin(|2] [V + 7 /4),

plotted in Figure 43 (right), and the bandwidth i can be expressed in terms of A as h = \'/%.
Note that this kernel can take negative values. In particular, the smoothing spline has the
same optimality properties as a kernel estimator, such as consistency and the optimal rates
of convergence.
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10.4 Generalized Additive Models

So far we have only talked about regression models with one covariate. However, a more
common regression problem would have multiple covariates and take the form

}/;:f(ajliax%"";ajmi)—i_ei’ 7::1,...7717

where x1,...,x,, are a set of covariates. Fitting of multivariate regression models is more
challenging, not least because large amounts of data are in general required to ensure con-
vergence. The optimal rate of convergence for f € H*(M) (i.e., functions with an integrable
second derivative) is n~*/° with one covariate, but this degrades to n~%“*+™) when there
are m covariates. If n is the sample size required to achieve a certain accuracy with one
covariate, then the sample size required to achieve the same accuracy with m covariates
is n4*™/5 and therefore grows exponentially with m. Nonetheless, generalisations of most
univariate nonparametric methods exist and we will describe some of these here.

10.4.1 Multivariate local polynomial regression

Kernel regression can be carried out with multiple covariates, but requires generalisation of
the kernel function so that it is a function of m variables. The one-dimensional bandwidth
h is replaced by a bandwidth matrix H, allowing a family of kernels to be defined via

_ v 1)

Ky(x) \/F(H)K (H™'*x).
A common approach is to rescale the covariates so that they have the same mean and variance
(at least approximately) and then use an isotropic kernel A=K (||x||2/h) where K(-) is a
one-dimensional kernel.

Given a choice of kernel, the local polynomial estimator of order k is found in
the same way as before. Firstly we note that an arbitrary function of m variables can be
expanded as

flxy, . xm) = f(z) + g—i(as)(:vl — 1)+ 5_1{.2(17)({[’2 — ) %(ﬂf)(ﬂﬁm )
+ % (g—xé(w)(m —z)?+ 28:?1(;;2 (x)(x1 — 21) (22 — 220)+

0*f 2
+@(l‘)($m—zm)>+

1 (0% . o f
+E <8—x]1€($)<l’1—2’1> ++%($)<l’m—2m) .
There are a total of My = ., 1xCy = (m + k)!/(m!k!) distinct partial derivative terms in this

expansion. We can define analogues of the parameter vector 6 and the design vector U, ;
with this many components

O, = (0°,01,0),...,6L 03,62, .. .0° ok )

rrmo mm? ) Tmmee-m

AT R W R Toi — T 1 (21— 21\? (2 — 21 (22 — 2
X, T ) h Y h AR h 72! h Y h h 7
1 ([ Zpi — Tom 2 1 (T — o, g
g z SR z :
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In the above, h™ = \/det(H), 6 . corresponds to h’d*f/dx;, ---dx;, and the estimator
of this quantity provides an estlmate of this particular derivative of the function. Note that
we must be careful to ensure the ordering of derivatives in ¢ and Uy, is consistent.

Using this notation the solution for the local polynomial least squares estimator

0 = arg min {Z (Yi — U;{ﬁx)QKH(Xi — X)}

0cRMa | £
=1

takes exactly the same form as before, namely 6, = B~(x)a(x) where

1 n
ZUXIUT Ky(x; — x), a(x) = - Z}/;Ux,iKH(Xi — X).

=1

10.4.2 Multivariate splines

In a similar way, the notion of a spline can be generalized to more than one dimension. Once
again, we aim to minimize the sum of squares, but penalise functions that are not sufficiently
smooth. This is formulated in general as

,t?f = argmfm {Z(YZ — f(T1s, - mi))? + /\Jn(f)}

=1

where

n=f [T\ 2 () +2 (o)

an 2 82f 2 82]0 2
() 2 (egm) + () | et

The solution to the minimization problem is a thin plate spline.

Definition 10.18. A thin plate spline through a set of knots x1,Xa, . . . X,, in m-dimensions,
with weights wy, ... w,, is a function of the form

= ZwiG(Hx — X;|]2) + bo + ijxj
i1 =1

where G(r) i nr, m =2 orm =4 and ||x||2—zm:x2
ri=m otherwise ’ 2 a
In higher dimensions, m > 4, this solution diverges at the knots and so it is not a useful
smoothing method. In that case the m = 2 basis function, G(r) = r?Inr, is often used, or
the simple solution G(r) = r2. If these alternative solutions are used the resulting solution
is in general not the minimizer for the above problem.
Thin plate splines are difficult to fit and so are not used widely in dimensions higher
than 2. It is more common to take an approach that reduces the multi-dimensional fit to a
set of one-dimensional fits by using an additive model.
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10.4.3 Additive models

While the preceding methods provide ways to fit general multivariate nonparametric models,
they are often hard to visualize and interpret. This motivates assuming a somewhat simpler
form for the unknown function, called an additive model.

Definition 10.19. An additive model is a model of the form
Yi:a—i—ij(mj)—i—ei, izl,...,n
j=1

where f1,..., fm are smooth functions.

The model above is not identifiable since a constant can be subtracted from any one of
the functions and added to « or any of the other functions to leave the model unchanged.
The usual approach to making the model identifiable is to set & = Y = Sor,Y;/n and
forcing "1 | fj(xﬂ) = 0. The resulting functions can be regarded as representing deviations
from the mean Y.

An additive model can be fitted using any of the techniques for one-dimensional
problems that have been described in this course using a procedure known as backfitting.

Definition 10.20. The backfitting algorithm obtains estimates offj (x;) in the additive model
as follows. Fiz the estimator & =Y and choose initial quesses for fi,..., fm. Then

1. Forj=1,....,m:

(a) Compute Y; =Y; — & — Dkt folzr),i=1,... n.

(b) Apply a one-dimensional nonparametric fitting procedure (smoother) to Y; as a
function of x;. Set f; equal to the output of this procedure.

(¢) Renormalise by setting f;(x) equal to f;(z) — S0, f;(x;:)/n.

2. Repeat step 1 until the estimators converge.

10.4.4 Projection pursuit

Projection pursuit regression attempts to approximate the unknown function f(zq,...,2y,)

by one of the form
M

i+ Z ri(25) where z; = al x
j=1

and each «; is a unit vector. Projection pursuit attempts to find a transformation of the
coordinates that makes an additive model fit as well as possible. In practice, projection
pursuit is fitted iteratively, using some one-dimensional nonparametric method. We use
S(w;Y,x) to denote the value of the output of this nonparametric method at a point w,
where x is the vector of (one-dimensional) covariates at the observed points and Y is the
vector of measured values. First set i = Y as before and then initialise the residuals
¢ =Y; — Y. We use ¢ to denote the vector of current residuals, i.e., (€); = &. We also scale
the covariates so that their variances are equal and then define an m X n matrix X such that
Xi; is the value of the i'th covariate for the j’th data point. Then proceed as follows:
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1. Set j = 0.

2. Find the unit vector v that minimizes
> (6 = S(a"x;6, X a))?
D i1 €

and then set z;; = a”x; and f;(z;;) = S(a”x;; €, XTa).

Ia)=1-

3. Set j = j + 1 and update the residuals
gi — él — fj(zji)~
4. If 7 = M stop, else return to step 2.

10.4.5 Generalized additive models

Definition 10.21. An generalized additive model is a model in which observed random vari-
ables Y; are assumed to be drawn from a specified distribution in the exponential family, with
a specified link function, g(-), and a model for the expectation value of the form

n(x) = g(E(Y)) = a+ Z fi(z))

where fi,..., fm are smooth functions.

Fitting a generalized additive model can be done iteratively, using a method for fitting
a general additive model, in the same way that generalized linear models can be found
by fitting general linear models using iterative weighted least squares (Fisher’s method of
scoring).
The general procedure is as follows:

1. Start with observed data {(x;,y;) : ¢ = 1,...n} and initial guesses for & and fiveess fom
2. Then repeat the folliwng steps until the estimates for fl, ceey fm converge:

(a) Compute fitted values

(b) Computed transformed responses

~

2z =10(x:) + (yi — 7(x:))g' (7(x1)),

where ¢(-) denotes the derivative of the link function.

(c) Compute weights
wi = [(¢'(F(x:))*0%]
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(d) Compute the weighted general additive model for z; as a function of x; with
weights w;.

Note that the above procedure relies on being able to fit a weighted nonparametric model, but
all of the methods described above have assumed equal variance. However, it is straightfor-
ward to generalise the previous methods to the weighted context. For example, the extension
of the Nadaraya-Watson estimator to the weighted case is

> WiYi Ky (X — o)
> i Wil (X —x)

F (@) =

Example 10.8. Construct a general additive model, using smoothing splines, on the interval
[—2,2] x [-2,2] given data (—1,-1,1), (=1,0,3), (—=1,1,0), (0,—1,2), (0,0,4), (0,1,1),
(1,—-1,6), (1,0,3), (1,1,2). Use A = 0.01 in both dimensions.

We note that in this case we have data on a reqular grid. The backfitting procedure
fits a function in one dimension at a time, and so we will need to fit a smoothing spline with
multiple observations at a given point. For equal numbers of observations at each point, ng,
this 1s a trivial extension of the procedure described above. The spline takes the same form,
but we replace Y; by the average of the Y/s at each value of x, and we change the smoothing
parameter to \/n.

First we estimate & =Y = 22/9 and subtract this from each point. We then fit a
smoothing spline to the data (—1,—10/9), (0,—1/9), (1,11/9) using A = 0.01/3. The H and

Q matrices are the same as in Fxample 3.1

1 -1
H=1|1 0
1 1

S =)
o)
Il
o O O
o O O
[\
N

and we derive B, = [(HTH + XQ) " HTY] as before
AT — (—0.188781, 0.923948, 0.0809061).

This gives fitted values at t = —1,0,1 of

~

fi(=1) = —1.11273,  f1(0) = —0.107875, f1(1) = 1.2206.

We need to correct the fit by subtracting Z?:1 fi(z1:)/3, but this number is very close to zero
so the values do not change.

We now need to fit for the second dimension, xo. The first stage, in general, is
to subtract fl(xu) from Y; for each i. In this case we have multiple observations at each
value of xo and so we then need to average the Y;’s for each xy. Since the grid is reqular, we
effectively subtract Z?Zl fl(xh-)/S from each value, but this has been fized to equal O and so
does not change the averaged values. This happens generically when the data is on a reqular
grid and means the backfitting algorithm converges in one iteration.

The data to fit in x4 is (—1,5/9), (0,8/9), (1,—-13/9) with A = 0.01/3 again. The

H and ) matrices are unchanged so we obtain

AT = (1.51025,0.941748, —0.647249).
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-1 0 1 - -1

Figure 44: Data (red points) and general additive model fit (shaded surface) for example 10.8.
The top plot shows the full surface, while the bottom two plots show the surface from the
x1 and x5 sides respectively.

The algorithm has now converged and we obtain our general additive model estimate of
f(zy,x9) as

3 3
Flay, 22) = % + Zﬁlihi(iﬁ) + Zﬁmhi(l?)
where hi(x) =1, ;12(56) =z, _h3(x) =(z+1)3 —2(2)% + (z — 1)3.

The raw data and the GAM estimate are shown in Figure 44.
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10.5 Wavelet Estimators

We return again to the nonparametric regression model
Y, = f(z:) + &4, i=1,...,n, E(g;) = 0, Var(g;) = 02, independently.

In this subsection we will assume that the design is regular deterministic, that is z; —x;_1 =
1/n for all 7. In particular, we consider z; = *

10.5.1 Orthonormal basis and projection estimator

We will denote the set of square-integrable functions by L? = {f Nflle =1/ [ fAa)de < oo}.

Definition 10.22. A set of functions {¢x(x)}re, is called an orthonormal basis of L*[0,1],

of
. Vg€ L? 3 (ap)2, such that g(x Z arppr(x) (the set spans L?[0,1]),
. Vo, Z arpr(r) = 0= all ay =0 (linear independence),
) J# k,/gpk(a:)@j(x) =0 (orthogonality),
° VE,||¢kll2 =1 (normalisation).

Therefore, any function f € L?[0, 1] can be written as

T) = Z Orpor()

Due to orthonormality of the basis, the coefficients 6, have a simple expression: 6, =
fo x)dx, since

/Olf(ﬁ)%(w)dl‘ = /01 [i Hj%'(x)] z)de = Z@ [/ ol )dac} — 0,

Examples of orthonormal bases:

1. Fourier basis: wor(z) = 1, wor(x) = cos(2mkx), @ori1(x) = sin(2rkzx), k = 1,2,...,
€ [0, 1] (Tsybakov, 2009).

2. A wavelet basis (Vidakovic, 1999)

3. An orthogonal polynomial basis, such as Chebyshev, Lagrange, Laguerre polynomials

(more commonly used in the context of density estimation)
Projection estimator
Assume that f € L?[0,1], and {¢x(z)}32, is an orthonormal basis of L?[0,1]. Then, we

can write -
) = Z Ok ()
k=0
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for some real coefficients 6y, 0y, .... A projection estimation of f is based on a simple idea:
approximate f by its projection Zi\;o Orpr(z) on the linear span of the first N + 1 functions
of the basis, and replace 65 by their estimators. Thus, a projection estimator is constructed
in three steps.

(1) for large N, approximate f(x Z Oron(x

(2) construct an estimator 05 of 6, from data Y1y sYn), K=0,1,...,N
N ~

(3) plug in the estimator Hk in the approximation: fN = Z Oror(x)
k=0

From the expression for 6 in terms of f and ¢y, if we know only values of f(z) at points
x;=1/n,i=1,...,n, then for large n the integral can be approximated by a sum:

~ 3 o),

Since we observe values of f(z;) with error, we plug in these observation in the above
expression to obtain the following estimator for 6y:

—~ 1 <&
==Y Yigr().
n =1

Inserting this expression into the estimator of the function, we obtain a projection esti-
mator:

k=0

:i[ En:fxwwz]w Xn:Y

N oq

§ _(pk xz ka
n

k=0

which is a linear estimator with weights w;(z) = Y5, Lon(2;)¢r(2) which do not depend
on Y;. The choice of N corresponds to choosing the smoothness of the function fy.

10.5.2 Wavelet basis

A wavelet basis is constructed using two functions, a scaling function ¢(x) and a wavelet
function v (z) that are also called the father and mother wavelet respectively. They satisfy

the following properties:
/gb(x)dx =1, /@/J(x)dx =

Definition 10.23. Given a wavelet function ¢ and a scaling function ¢, a wavelet basis on
[0,1] s
{(bawjk?j: 5 7" k_o _1}7

where ¢ip(z) = 2/2¢(2x — k), hjp(z) = 2j/2¢(2jx — k:)
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Figure 45: Haar and Daubechies wavelet functions

Under certain additional conditions on the scaling function ¢(z) and the wavelet function
Y(x), this basis is orthonormal. Then, any f € L?[0,1] can be decomposed in a wavelet

basis:
0o 29-1

f( - 90¢ + Z Z ejk"lvb]k

7=0 k=0

and 6 = {6, 0, } is a set of wavelet coefficients:

6y = / o(2)f(@)de, Oy = / () f(2)de

Wavelets (¢,v) are said to have regularity s if they have s derivatives and ¢ has s
vanishing moments ([ x*y(z)dx = 0 for integer k < s).

Examples of wavelet functions are plotted in Figure 45, and the structure of the wavelet
basis is illustrated in Figure 46.

Example 10.9. The Haar wavelet basis is determined by the scaling function ¢(x) = L1o11(x)
and the wavelet function 1 (x) = Lo1/2(x) — 1 211(x) which satisfy

[otwz =1, [v@ar=0. [vawiz=0.

Check that the basis {¢, Y, 7 = 0,1,...,k = 0,...,27 — 1} defined by these functions is

orthonormal, that s, that the functions are normalised

ol = [ e =1, WlB= [vade =1, [alE = [ o=

and are orthogonal:

/ ¢(@) Y (x)dz = 0, / k(&) hem () = 0 for (j,k) # (€,;m).

Local polynomial and kernel estimators provide localisation in time only. A Fourier basis
provides localisation in frequency only. The advantage of a wavelet basis is that it provides
localisation in both time and frequency, at the expense of having two indices. The wavelet
transform provides a sparse representation of most functions (it is the basis of JPEG2000).
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Figure 46: Daubechies wavelet transform, s = 8

10.5.3 Wavelet estimators

A wavelet estimator can be constructed following the same structure as a projection
estimator: R

1) derive an estimate 6j; from noisy discrete wavelet coefficients

2) substitute into the series expansion to obtain the estimate of f, to obtain a wavelet

estimator f

0o 29-1
fla) =0op(z) + DD Outbsi(x)
=0 k=0

For example, a wavelet projection estimator can be constructed as

Jo—127 -1

f]o( = 90¢ ) + Z Z Ok 0k

j=0 k=0
with
~ ]l = ~ 1 &
bo=—> Yio(x;), Ojp=—> Yivu(x:), j <o
0 n; Cb(fl?) 7k Tl; wjk('r) J 0

From this definition it follows that é\]k =0 for j > Jy. It is a linear estimator.
The number of nonzero coefficients of f;,(z) is

Jo—127—1 Jo—1

1+ZZ1—1+22J—1+2J0_11 20
j=0 k=0

Example 10.10. For the Haar wavelet projection estimator, the variance is

9 Jo—129—1 Jo—1 ] 9o

Var(f]\o(a:)) =2 (p(x))* + Z Z(%k(x))2 B %

n X
7=0 k=0

1+22J :—0
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since (¢p(z))? =1 for all z € 0, 1], and (Yji(2))* = 27 for (j, k) such that x € supp(;i), i.e.
if 2% <z< % (just one k = |x27| for each j satisfies this condition).

We will also consider wavelet thresholding estimators which are examples of nonlinear
estimators (see Section 10.5.10).
10.5.4 Multiresolution analysis (MRA)

In this section there is a brief explanation of why wavelet functions, together with the scaling
function, form a basis.

Definition 10.24. A multiresolution analysis (MRA) is a sequence of closed subspaces V,,,
n € {0,1,2,..} in L*(R) such that

L. VocVicVa ..., Clos(U;V;) = L*(R), where Clos(A) stands for the closure of a
set A.

2. Subspaces V; are self-similar:

9(2z)€V; & gla) e,

3. There exists a scaling function ¢ € Vi such that fR x)dx # 0 whose integer-translates
span the space Vy:

Vo= {g c L*(R) : ch¢ x — k) for some (Ck)kgz}

kEZ
and for which the set of functions {¢(- — k), k € Z} is an orthonormal basis.
Property 2 of MRA implies that for any h(z) € V; 3¢ € Vj such that
h(z) = g(2x ch¢ (2 —k
keZ

and hence {¢(27x — k) }rez or, equivalently, {¢;i}rez, form an orthonormal basis of V;. In
particular, since ¢(z) € Vy we have

=V2)  ho(2x — k). (126)

kEZ

The coefficients in this expansion satisfy
Z hi = V2, Z hihy—21 = -
k k

We then define another function (the mother wavelet)

= \/§ng¢(2$ — k)

and require that ¢(z — m) is orthogonal to ¢(x) for all integers m, and that {¢)(x —m) :
m € Z} is an orthonormal set. These conditions impose constraints on the coefficients {g}

> Gihipam =0Vm E€Z, Y grge-a = du
K k
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which can be satisfied by the choice g, = (—1)'7%h;_j. It is clear that the space of functions
spanned by {¢(x — m) : m € Z}, which we denote W}, is orthogonal to that spanned by
{¢(x —m) : m € Z}, which is V. The direct sum Wy & Vi can be seen to coincide with V;
(we will not prove this here, but roughly speaking V; is twice the size of V{ so it makes sense
that adding two orthogonal spaces of the same size as Vj together can generate V7).

We can continue this procedure to larger j. For each 7 > 0, we define the “difference”
space W;: Viiy = V;@W;, for which an orthonormal basis is given by {1;x(x) : k € Z}. We
see that L*(R) = Vo@W1&Wod. . . @W;@. . ., and the set {¢(x), Yu(x) : 5 =0,1,2,.., k € Z}
forms an orthonormal basis of L?(R).

10.5.5 Filter characterisation of the wavelet transform

We now prove some of the results used to describe the MRA above.

Proposition 10.4. 1. >, ., hy = V2, Y okez 9k =0
2. ZkeZ hl% =1, Zkez 91% =1
3. For all ¥ 7& 0, ZkeZ hkhk_% = 0, Zk’EZ 9kGk—2o0 = 0

4. Foralll € Z, > ey grhi—20 = 0.

Proof of Properties 1 and 2. 1. To prove ), _, hj, = V2, we integrate the scaling equation:

1 = /qb(x)dx = Z hk\/§/¢(2$ —k)dr =[v=2z—k| = Z hk2_1/2/¢(v)dv

keZ keZ
1
= B

which implies the result.
Similarly, to prove ), ., gr = 0, we integrate the wavelet equation:

0 = /¢(m)dm = \/§ng/¢>(2$ —k)dx =[v=2x—k] = 2_1/22gk/¢(v)dv

kez keZ
= 271/ Z Ik

keZ

which implies that ), _, g, = 0.
2. To prove ) ., hi = 1, we integrate the squared scaling equation:

| = / 6(x)2dz = 2 / [Z b2 — k:)] dr =" hih, / (2 — k)6(22 — m)d(22)
— Z h2 |

since [ ¢(2x — k)p(2x — m)d(2xz) = 1 if k = m and is 0 otherwise.
Y kez g2 = 1 is proved similarly, by integrating the squared wavelet equation. O
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The two filter decompositions (for ¢(x), with coefficients {hx} and ¢ (x) with coefficients
{gx} satisfying gx = (—1)*h;_;) have other properties which we will use later to show that a
finite dimensional version of wavelet decomposition, a discrete wavelet transform performed
via the cascade algorithm, transforms iid Gaussian random variables to iid Gaussian random
variables.

Example 10.11. Determine filters gy, hy for the Haar wavelet transform.
For the Haar wavelets, the scaling equation is

1(0,1] (ZE) = 1(0,1/2] (l‘) + 1(1/271] (ZE) = 1(071](21’) + 1(071}(21' — 1)

That 1is,
¢(x) = ¢(22) + (2w — 1) = V2 hyp (2 — k)

kEZ

which implies that the only nonzero values of hy, are hg = hy = 1//2.
The Haar wavelet function satisfies the following:

Y(x) = 10,12 (z) — 1(1/2,1}(@ = 1(0,1](273) - 1(0,1](21’ -1)= % (¢(2z) — @20 — 1))

which implies that gy = 1/v/2, g1 = —1/v/2 and the remaining g, are 0.

10.5.6  Discrete wavelet transform (DWT)

In typical realistic settings, we observe only a finite number of noisy values of the function.
How can we obtain (noisy) wavelet coefficients based on this partial information?

10.5.7 Motivation
We want to discretise the wavelet transform:

wjk

b= [ F@uplade = =SSl flifn) = 2=V L) = T =

where W, an n x n matrix defined by Wy; = ¢(z;), Wi, = t(a;) with | = 29 + k + 1,
is (approximately) orthonormal and f, is a vector f, = (f(1/n),..., f(1)). We assume
n = 27 for some integer J. The subscript (jk) in the above denotes the row, | = 29 + k + 1,
corresponding to a particular pair (j, k).

If the function f is bounded, the approximate wavelet coefficients éjk are close to the
exact coefficients 6;;: |9~]k —0;x] < C/n. For Haar wavelets, 6, = HNjk since the Haar wavelets
are constants on each interval (i/n, (i + 1)/n) for n = 27 for some integer J.

Use the linear transform defined by a matrix W as a discrete wavelet transform. There
are other ways to derive the approximation, so that |§Jk — 0| < C/n and matrix W is
orthonormal (WW? = ). In practice, it is done via the cascade algorithm which is
derived from filter properties of wavelet transform. In this case, |9~]k — 01| < C/n and the
matrix W satisfies WW?T = I due to the filter properties (Proposition 10.4).

Applying the discretised wavelet transform W to data yields

dix = wip+em 0<ji<J—1,k=0,...,27 -1,

Cop = Ugo + €o,
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where dj, and cgo are discrete wavelet and scaling coefficients of observations (y;), and €y
and ey are discrete wavelet coefficients of the noise (¢;). If ¢; ~ N(0,0?) independent, then
gjr. ~ N(0,0?) and g9 ~ N(0,0?) independently due to WW7T = 1.

10.5.8 Cascade algorithm

The wavelet and scaling equations are the basis for the cascade algorithm that can be used to
calculate the wavelet coefficients. The algorithm is very fast, taking 2n steps where n is the
number of the observations. The algorithm is constructed by using recurrent equations for
wavelet and scaling coefficients that are derived from the wavelet and the scaling equations
in the following way.

Suppose we observe values of f(x;), z; = i/n, i = 1,...,n. Denote the corresponding
“noiseless” discrete scaling coefficients by w;, and discrete wavelet coefficients by w;y, (recall
that 0, ~ w;,/v/n and 0y =~ ug/+/n). Then, the wavelet coefficients satisfy the following
(usmg the wavelet equation):

O = / F () = / ()62 — K)2Pds

- /Of(x \/_nggb 2(2x — )—m)] 292 dz;

meZ

— /1 f(x) Z G (2j+1$ _ ok — m) 2(j+1)/2] du

LmeZ

= ng/ f ¢g+12k+m()

meZ

Here, fo z)¢;k(x)dz are scaling coefficients of f that are not used directly for estimation
but are useful for computational purposes. For the discrete wavelet and scaling coefficients
wj and u;, we can write the following recurrence relation:

Wi = E ImUj+12k+m-
meZ
Using the scaling equation, we can derive a similar connection between the scaling coefficients
at consecutive levels j and 7 + 1:

Ujk \/_/ f(x)pjn(z Z Ui 2k +m-
meZ
These recurrence equations are used in the cascade algorithm. They also apply to noisy
scaling and wavelet coefficients ¢, and d ;.
We need to have a starting point. Assuming that supp(¢) = [0, 1], like for the Haar
scaling function, the scaling coefficients at level .J for k = 0,1, ..,27 — 1 satisfy:

(k+1)/27
/ f@2Po2 e~ do =2 [ f@)o(2’s  K)da
k/27
(k+1)/27 1
~ f((k+ 1>/n)/ 2/P2¢(27x — k)dr = [v = 27w — k] = f(:ck+1)2“’/2/ ¢(v)dv
k/27 0
f(ri)

Q

vn
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Therefore, we can set uy, = f(zgy1), K =0,1,...,2/ —1 =n — 1. For noisy observations
(Y;), we can start with noisy discrete scaling coefficients ¢, = Yi11.
Assumptions for the cascade algorithm.

1.
2.

3.

Y; are (noisy) observations of a function f at points z;, i = 1,..,n
points (z;) form a regular fixed design (z; — ;-1 = ).

n = 27 for some integer J.

Cascade algorithm

1.

2.

3.

Set ¢y = Yiyq for k=0,1,..,27 — 1, set j = J — 1;

Set
Gk =Y hmCisioeim:  dik = Y GmCit12him
MEZ meZ
if 7 = 0 stop; else set j := j — 1 and repeat step 2.

Output: discrete wavelet coefficients cq, dj for 0 < j<J -1, k=0,...,2/ —1.
Using the expressions for the Haar wavelet filters h;, and g, the recurrent step of the
cascade algorithm for the Haar wavelet transform is

1 1
Uj = ﬁ (Uj+1,2k + Uj+1,2k+1) y Wik = E (Uj+1,2k - Uj+1,2k:+1) .

To reconstruct the function from the wavelet coefficients, this algorithm can be inverted.

10.5.9 Summary

The number of data points n = 27.
Cascade algorithm: set cjo = Y1,...,¢c 971 = Y,,, and compute recursively

Cjk = E hmcj+1,2k+m; djk = E IGmCj+1,2k+m-
m m

The output of the the cascade algorithm are discrete wavelet coefficients: coo & djy,
J < J that satisfy

dj. ~ N(wjy, 0?), coo ~ N(ug,0?), independently.

To construct an estimator of f, choose estimators w;x, Ug(= coo), and hence construct

the corresponding estimators
~ Upo >~ Wik

902%, jk—\/ﬁ-

These estimators are then used to obtain an estimator of the function f:

J@) =boo(@) + 30 3 Ointoin(a).
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For example, a linear projection estimator f;)(x) for f(z) can be constructed using the
output of the cascade algorithm:

Wi =dj, ] < Jo—1; Wi, =0, j>Jo; Uy = oo

For Haar wavelets, the linear projection estimator fj\o coincides with the wavelet estimator
based on discrete wavelet coefficients with w;, = d;i, for j < Jy — 1 and w;, = 0 for j > J.
10.5.10 Thresholding Estimators for threshold A

Hard thresholding estimator

_ di, if |dje] > A
Dy = dind (Idjel > A) = { 0. it ;dj];j <A

Soft thresholding estimator

djk — )\, djk > A\
{Djk - O, —)\ S djk S )\
djk + )\, djk < =X

There is a default choice of threshold A that is called the universal threshold:

A =o+/2logn.

In practice, the standard deviation o is estimated as the median absolution deviation
(MAD):
b\' - 14826 1\/LA])(dJ,1707 o 7dJ—1,2J—1)

where MAD(z1, ..., x,) = median(|z; — median(x;)|).

10.5.11 Inference on f using wavelet estimators

10.5.12 Asymptotic confidence intervals for f(x)

Vi = f(:) + e, T = — i~ N(0,0?%)
n

To construct an asymptotic confidence interval for f(z), we use the linear estimator

Jo—1290—1
Fa(@) =0oo(x) + 3 > Ouhyu(),
j=0 k=0

where
by = i, @ LSy,
0 = ——=Upo, Upo = Coo = ——= iP\T;
Vn Vn &=

. 5N
Wi, Wik = dj, = n ZYz‘wjk(%i)
i=1
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Recall that this estimator is linear:

1 1 Jo—127-1
= Fn(@) sz Yi wi(r) = ~é(x:)o(x) + ~ i (i) (),
j=0 k=0
therefore, given independent observations of Y; ~ N(f(z;),0?) fori=1,...,n,

m ~ N (f(x), o’ ilﬁ(@) for large n.
i—1

For Haar wavelets, we derived that > | w?(z) = 2% /n.
Therefore, an asymptotic (1 — «)100% confidence interval for f(z) based on the Haar
wavelets projection estimator fj (z), assuming that J, is large enough so that the bias is

much smaller than the variance, is
270/2
vn o
Note that if Jy is too large, then the confidence interval is large. Therefore, there is a

tradeoff between bias and variance that results in “optimal” choice of Jy. This is discussed
by considering the MISE of fJO( ).

fJo(x) + Raf2

10.5.13 Hypothesis testing

Local support of the wavelet basis is useful when it is of interest to test whether a function
is a constant on a certain subinterval of [0, 1]. We want to test the hypothesis

Hy : f(x) = constant on (a,b)

using Haar wavelets.

Due to the support of 1;; being [k/27, (k+1)/27], for (a,b) = (m27*, (m+1)27) for some
positive integers m and ¢ this hypothesis is equivalent to the following hypothesis about the
Haar wavelet coefficients of function f:

+1/2
9i

Hy : 0, =0 for (j,k) such that a < <b

that is, the change point of 1 is inside (a,b). The equivalent null hypothesis can also be

written as
1 +1/2

Hy : wj, = 0 for (j, k) such that a < <b

since (0, = wj//n) for Haar wavelets.

Test this hypothesis using observed discrete wavelet coefficients dj, ~ N(wjk, 0?), j =
0,....,J—1,k=0,...,2 — 1, independently.

Given only n = 27 observations, we can test this hypothesis only using the wavelet
coefficients with j < J:

k+1/2
Hy : wy, = 0 for (4, k) such that a < +‘/

<b&j < J
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Test statistic:

T=0" Z d?k

3.k a<k+1/2<b j<J

which has a x2, distribution under the null hypothesis where m is the number of coefficients
tested to be zero, that is, m = Card{(j,k) : a < k+1/2 <b0<j<J,0<k<2 -1}
Example 10.12. Data: y = (—1.0,—-0.2,0.8, 0.6, 0.0, —0.4,-0.3,-0.5), x; =i/8,i=1,..,8,
n = 8. The data follows the nonparametric regression model with o = 0.2.

1. Test Hy : f(x) = const on (1/4,1/2).

Corresponding hypothesis for the wavelet coefficients is Hy : wj, = 0 for (j, k) that satisfy

14 < B2 <1/2  j<J—1=2then (2/4—1/2) <k <2/2—1/2

Since n = 8 = 23, we have J = 3 and hence we consider 0 < j < 2:

J=2:1/2<k<3/2,ie k=1 and hence (j,k) = (2,1) satisfies the condition

j=1:0<k < 1/2 no integer in the interval, so none

j=0:-1/4 <k <0 none.

Therefore, the equivalent hypothesis is Hy : wy = 0. Since the corresponding noisy
discrete Haar wavelet coefficient doy ~ N(wo1,02), under the null hypothesis T = d3,/0? ~
X3, therefore we reject Hy at a 5% significance level if T = d3,/o* > x3(5%) = 3.841. Since
for this data dyy = 0.1414 and hence T = d3,/0? = 0.5 < 3.841, there is not sufficient data
to reject the null hypothesis at a 5% significance level.

2. Now test Hy : f(z) = const on (1/2,1).

The corresponding hypothesis for the wavelet coefficients is Hy : w;, = 0 for (j,k) s.t.
1/2 < kH/Q < 1, that is, for (j,k) such that

<:>2]/2—1/2< k<2 —1/2.

7 < J—1=2. Check this condition for each 0 < j < 2:
J=2:3/2<k<T7/2, that is, k =2,3
jg=1:1/2 <k <3/2, that is, k =1
j=0:0<k<1/2 none

Therefore, the equivalent hypothesis is
HO L W11 = Woo — Wa3 = 0.

The test statistic is T = (d3 + day + d33)/0? ~ X3 under Hy. That is, we reject the
null hypothesis at a 5% significance level if T > x3(5%) = 7.815. For this data, T =
(0.2% 4 0.2828427% 4 0.1414214%) /0.04 = 3.5 < 7.815, therefore there is not sufficient data to
reject the null hypothesis at a 5% significance level.

Remark 10.2. For an arbitrary interval (a,b) (that is, not of the form (m2=¢, (m+1)27%)),
the equivalent null hypothesis in terms of Haar wavelet coeﬁ?cients 18

+1/2 _,

k k+1
Hy : wjr =0 for (5, k) such that{a<2—<bora< 0ra<%<b},

27
forj=0,1,...,J —1and k=0,1,...,2 — 1. That is, in the more general case we need to
check if any of the three points where the Haar wavelet 1, jumps between different constant
values is inside the interval (a,b).

For an interval of the type (m2=, (m + 1)27%) it is not necessary to check the end point
since they are either at the same place with regard to (a,b) (that is, inside or outside) as the
mid point (k+ 1/2)277 or on the boundary of the interval.
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10.5.14 MISE (mean integrated square error) of wavelet estimators

Suppose a function f has the following wavelet decomposition:

oo 29—-1
F(@) = 600(x) + ) > Oitbie(a),
=0 k=0
and consider a wavelet estimator
. A oo 29—-1 A
fla) =bod(x) + D> Optoju()
=0 k=0

Lemma 10.2. (Parseval identity). For a function f and its wavelet estimator f(x),

1 = 113 = (60 — 60)? ZZ ik — 0

7=0 k=0

This is due to the wavelet basis being orthonormal.
Consider the following estimator of the wavelet coefficients for j = 0, .., Jy — 1 for some

J()Z
. 1 &
O = — > (@)Y,
=1

and éjk = 0 for j > Jy. The estimator of the scaling coefficient is 0y = %Z?:l o(z,;)Y;
Sometimes we refer to 6y as 0_1 g, and to ¢(x) as ¥_1 o(z).
The corresponding wavelet estimator is

Fro@)= > buvu(x) ZY SN vla) (e

i<Jo—1 k =1 i<Jo—1 k

This wavelet estimator

n

f]o iZY; Z ijk T wjk

= 1<Jo—1 k

is linear since it can be written as

folz Z YiWi(z

with W;(x) = ZJ<J0 1x Vik(Ti)Y(2), i.e., that is independent of the Y;’s.
By Lemma 10.2,

oo 29—1

Ellf = fII3 =B — 00)* + > Y B0 — ),

=0 k=0

hence it is sufficient to find MSE of éjk, E(é]k — 01)%.
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We know that )
E(0j — 031)? = Var(djx) + |bias(dh)]

Therefore, we need to find the variance and the bias of éjk.

Variance
For j < Jy—1,
. 1 —
Var <9jk> = Var - ;%k(%)yi
1 & _ Pl
52
= 21+
(14 o(1),
due to the independence of the Y;’s and 3% | % () fo =1.
Bias

For 7 < Jy — 1, the bias is

E( k—9jk>= foz%kxz /f )i (x

Assume that f € H?(M;) and is bounded, i.e. |f(x)| < C; for all z € [0,1]. We assume
that the wavelet function ¢ is such that |¢(x) — ¢ (y)| < My|x —y| for all z,y € [0, 1], and it
is bounded: |¢(z)| < Cy for all x € [0,1] (and that the same conditions hold for the scaling
function ¢). We also assume that supp(¢)) C [0, 1] and supp(¢) C [0,1] .

Under these assumptions with 5 € (0, 1], the absolute value of the bias is bounded by

|E <éjk - 9ﬂc> | < Z/ )Vk(x) — f (@) k()| do

IN

Z/ (@) hp() = f(@)gn @)l + [f (@) (i) = f (@) (wi)]] do

IN

max|f |23/2Z/ V(2x — k) — (2 — k)| dw

+Z|¢3k (2) / f(w)| da.

Considering the first term on the right hand side, we have

/ |2 — k) — (2 — k)| dr < Mw/ |27 — k— (P2 — k)|da
< 0.5My2'n~?

The intersection of the interval of integration [(i — 1)/n,i/n] and the support of ¥

supp(vy) = [k277, (k + 1)277] = [k2"7 /n, (k + 1)2777 /n]
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is nonempty (and consists of more than a single point) iff k2777 < i —1 < (k+1)2777 or
k2770 <4 < (k+1)2777 ie. k2777 +1 <i << (k+1)27/77. There are 2777 of such 4. Thus,

> / i () — (i) |de < 0.5My27n =227~ = 0.5Myn=227 = 0.5Myn™,
using n = 27 and hence
max | f(2)] 207 Z/ V(2x — k) — (2 — k)| de < 0.5C M2/ *n !

For the second term, we have

| @ = rwar < 0y [ le—np < o

and using the restriction to the support of ¥,

()| < 272C, (k2777 +1 < i < (k+1)2779),
= Z ()| < 2720, S 1(k27 41 < i < (k+1)277) < 277920, < Cyn212,

=1

Thus,

R , M;C,
Ely, — 0] < 0.5C;My29/2n~" 4 —I20970/2p =5
| Jk Jk‘ = JH n +<5+1)
again using n = 27 and j < J.
MSE (6;,) for j > .J
For j > Jo, 8;, = 0, and therefore the MSE (8,;) = E(f; — 0;)% = 0%,
For f € HA(My;), |05 < Mp27965+Y2) for all j, k.

Now we summarise the properties of bias and variance of éjk that we have derived.
Lemma 10.3. Assume that
o f€ H(My), Be(0,1), and |f(z)] < Cy for all x € [0,1];

o ¢ is such that supp(y) C [0,1], |¢(x) —Y(y)| < My|lx —y| for all x,y € [0,1], and it
is bounded: |(z)| < Cy for all x € [0,1] (and that the same conditions hold for the
scaling function ¢).

Then, for éjk = % Z?:l Vi (2;)Ys,
. o?

Var <9jk> = Z(1 +o0(1)) asn — oo,
ij)

Ibias(fy)| < 20! + 279200,

M;C,,
(B+1) -

where ¢; = 0.5Cy My, and ¢y =
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MISE of f),(z)
Under the assumptions of Lemma 10.3, the MISE of the linear wavelet estimator is

Jo—127—-1 oo 27-1
Ellf ~Jalll = B0+ Y D Bl — 00"+ > > 6
=0 k=0 j=Jo k=0
52 Jo—127-1
< 2hZ (1+o(1))+2c1n L+ ) 2]
7=0 k=0
Jo—129—1 0o 29-1
+2ean 201 + Z Z 277 + M7} Z Z 2~ IP+)
=0 k=0 j=Jo k=0
. o2 . 2 _ag ) 272/5]0
= 2 ?(1+0(1))+2c1 2(22% 1 2)/3 + 2c2n (Jo+1) + Mj1———5
< %(1 +0(1)) + é&n2N? 4+ én 2P logn + &N~ 4 én 2

where N = 2% <27 =n and ¢, = 2¢}/3, & = 2¢3, &3 = M7(1 —272%)"! and & = 4¢}/3.

For the estimator to be consistent, we need the MISE to tend to 0 as n — oo, therefore
we need N/n — 0 and N — oo as n — oo. In this case, the second term is much smaller
than the first one, and log N < logn. Therefore, to find the optimal N (and hence the
optimal Jp) that minimises the upper bound on the MISE, we can consider just 2 remaining
terms:

=

MISE(fy) £ 0*~(1+0(1)) + &N (1 +o(1))

This expression is minimised when N = cn/®#+1) that is, when 2% = ¢27/C#+1) which
implies that Jy = 25%(1 +0(1)) as n — oo (and hence as J — 00).

Therefore, the linear wavelet estimator with Jy = has MISE bounded by

2ﬁ+1
MISE(f;,) < Cn~2/G5+D

that is, it achieves the global minimax rate of convergence, and it has the same rate of
convergence as the kernel estimator with the optimal bandwidth.

Note that this estimator is non-adaptive, that is, we need to know [, the smoothness
of the unknown function, to estimate f well. The wavelet thresholding estimator with the
threshold (1 + d)oy/2logn for any d € (0,1) (that is, slightly larger than the universal
threshold) achieves the optimal rate of convergence (up to a factor of logn) adaptively,
that is, without using the smoothness of f.



