LECTURE I:
Basics (floating-point representation and round-off errors)

Let us start with the following, simple example

y=zxz+a

z=x—a
What is y — z and does it depend on z? This is easy to compute
y—z=(r+a)—(xr—a)=2a.

Hence, the final result 2a is independent of . But does this hold in all cases, even when
we compute things numerically?

#include <iostream>
#include <iomanip>

double x
double a

int main() {
= 1125899973951488;
= ]_’

float y, z;

y =X + a;
Z =X — a;

std :: cout << std::fixed << "y—z=" << y—z << std::endl;

}
gives 134217728.000000 ... which clearly is not what we expected.

Number Representation

Let us consider the very simple example of a number presented that is given by 5 digits
(inlcuding 2 decimals)

Figure 1: A simple number representation with a total of 5 digits including 2 decimals.

If we want to represent 507 = 157.07963..., we can either use 157.08 (rounded) or 157.07
(chopped).

Overall, our representation will allows us to have number ranging between 000.00 and
999.99, no negative number can be represented.

The largest (absolute) error, when representation a number (using rouding), will be
0.005. However, this is only the absolute error, the fractional error is largest for small
numbers, e.g., for 0.01 the fractional error is up to 50%. Therefore, one has to be very
careful when comparing with zero (for values smaller than 0.005 we can even get larger
than 100% relative errors).

To solve some of these issues, the floating-point representation is introduced.



Floating-point representation

A floating-point representation of a number is given by:
om b @)

with o defining the sign, m being the mantissa/fraction, b the basis of the representation.
Note that we are used to think in b = 10, but computer use b = 2. The exponent is given
by e.

Our example 507 gets represented as o = +, m = 1.5708, b = 10, e = 2; i.e., +1.5708 x 10
In real applications, we will distinguish the following cases:

single-precision floating-point format (float32): This is a number using 32 bits and is
often represented as

sign exponent (8 bits) fraction (23 bits)
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Figure 2: float (single-precision) representation (source: Wikipedia)

double-precision floating-point format (float64, double): This is a number using 64
bits. It is the overwhelmingly used standard in scientific computing and is often repre-
sented as

exponent fraction

sign (11 bit) (52 bit)
[ I |
o o 0]
63 52 0

Figure 3: Double (double-precision) representation (source: Wikipedia)

quadrupole-precision floating-point format (float128): This is a number using 128
bits and is often represented as

exponent fraction
sign (15 bit) (112 bit)
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Figure 4: Quadrupole-precision representation (source: Wikipedia)

Note: If you use a normalized representation, then the first bit has to be non-zero. This
way, you don’t need to store this bit, since you know it is 1. This gives you an addition,
free, "hidden” bit.
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Furthermore, we also have the following data types (you can use them, but I suggest that
you don’t do it!):

 INF: infinity
* - INF: negative infinity

¢ NaN: Not a Number

Floating-point operations

For simplicity, we will assume here that we have a ‘simple’ representation with sign (1),
exponent (1), and fraction (5); no hidden bit.

Addition & Subtraction:

123453.7+  104.7654 = 123558.4654 = 1.2356 - 10°
1.234537 - 10°+ 1.047654 - 10?
1.2345-10°+  1.0477 - 107
1.2345 - 10°4+  0.0010477 - 10°
1.2345-10°4+  0.0010 - 10° = 1.2355 - 10°

Multiplication:

4734.612 x 541724.2 = 2564853898.0104 = 2.5649 - 10°
4.7346 - 10® x 5.4171 - 10° — 25.64827512 - 10® — 25.648 - 10® — 2.5648 - 10°

‘Real-world’ applications

We will consider 3 different examples:
e part 1: compute z" — 1/(1/z")

o . 1
part 2: compute ; o —— 1

» part 3: computation of the power-law decay rates when solving the Teukolsky Equa-
tion

Part 1

#include <iostream>
#include <iomanip>

using namespace std;

int main(int argc, char xargv[])

{

const int K=20;
const double x=12.34;

double A
double Ainv

1.;

b
b

1.;
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for (int n = 1; n <K; ++n) {

A *= X;
Ainv += 1./x;
cout << "n=" << setw(2) << n << ” A =7 << setw (12) << A;
cout << ” Error A—-1/(1/A) = 7 << setw(11) << A—1/Ainv;
cout << ” Rel error = 7 << (A-1/Ainv) / A << endl;

}

return O;

}

We find that the absolute error increases with increasing n. But here, the ‘relative error’
(A— A")JA with A = 2" and A" = 1/(1/2™) stays nearly constant around round-off at
~ 10716,

Part 2

#include <iostream>
#include <iomanip>

using namespace std;

int main(int argc, char xargv[])

{
int K=20;

double x=12.34;
//cin >> f;

double A
double Ainv

1.;
1.;

cout << A = x"n, result = 1./(1 + (A-1/A) )” << endl;
for (int n = 1; n <K; ++4n) {

double rel_err = 1./(1. + (A — 1/Ainv)) —1;

cout << "n=" << setw(2) << n << ” A =" << setw(12) << A
<< 7 rel _err=" << setw(8) << rel_err << endl;

return 0;

7 }

In slight contrast with the previous example, we find that the ‘relative error’ (A — A’)/A’

with A = W% and A’ = 1 increases noticeably.
1/x™

Part 3

This work is one of the few examples, where a numerical code requires quadrupole
precision to provide correct results. Without introducing quadrupole precision, it was
possible to compute something like power-law tails, but these were dominated by round-
off errors and completely wrong.

However, it is worth pointing out that changing a code to quadrupole precision is a hard
endeavor, in particular for already long and complex codes. For example, it was planned
in the SpEC code to switch to quadrupole precision for the simulation scalar fields on a
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Figure 5: Quasi-normal mode ringdown and power-law tail of perturbed black hole;
(Harms et al., arxiv: 1301.1591).

Kerr Spacetime background, however, it was not possible (even after several attempts)
to substitute all doubles with quadrupole precision.

Possible problems with floats

Loss of significance: An operation on two numbers which increases the relative error
substantially, e.g., subtracting two nearly equal numbers.
One possibility of avoiding this is to use:

(r—y)(z+y) 2*—1y?
— — — 2
v (z+y) Tty 2)
e.g., for small §
)
1—\/1—5:—
14++v1-96

One can calculate 7 by the circumference of polygons inscribing the circle. This yields
7 ~ 62"t,, where t,, is determined recursively from ¢, = 1/ v/3 and

ViE+1-1 t
by = V0 or equivalentl thl] = ————— 3)
! t, d Y AN/

// Compute pi through the circumference of 2°n polygons,
// as demonstration of importance of number representations.

s // source: https://en.wikipedia.org/wiki/Floating—point_arithmetic
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#include <iostream>
#include <cmath>
#include <iomanip>
using namespace std;

int main() {
double t1=1/sqrt(3);
double t2=1/sqrt(3);
double factor=6;

cout << fixed << setprecision (19);
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for (int n=1; n<29; ++n) {
tl = (sqrt(tl«tl+1)-1 ) / tl; // recurrence Version 1
t2 = t2/(sqrt(t2«t24+1)+1 ); // recurrence Version 2
factor ==2;

std :: cout << setw(2) << n
<< setw(25) << factor=tl
<< setw (25) << factor=t2

<< endl;
}
cout << ”correct pi=3.1415926535897932384” << endl;
return O;

The left formula in Eq. takes the difference of nearly equal numbers. Using this
formula with double’s, one can achieve at most 7 significant digits, and the calculation
subsequently diverges.

The right formula in Eq. is obtained using Eq. (2), avoiding differences. This right
formula leads to a stable iterative scheme that recovers about 14 digits of pi (when run-
ning in double precision).

Absorption: Addition or subtraction of two numbers of very different size. In this case
the larger number is not changed by the smaller number and accuracy is lost.

Arithmetic underflow: Arithmetic underflow occurs when the result of an operation is
smaller (in magnitude) than the smallest value representable as a normal floating point
number in the target datatype.

Violation of the associative and distributive property: Note that the associative law
(x+vy)+ 2 # x+ (y + 2) and the distributive law x - (y + 2) # (z - y) + (z - z) do not hold.

Conversion: Issue when representing numbers in human-readable format (i.e., using
basis 10).

Representation: Often already simple numbers such as 0.1 can not be presented to full
precision when using binary format.

Equalities/Inequalities

#include <iostream>

3 using namespace std;
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int main() {
if (0.362 = 10.0 == 3.62)
cout << ”"True” << endl;
else
cout << ”False” << endl;

if (0.362 « 100.0 == 36.2)
cout << "True” << endl;
else
cout << ”False” << endl;



18 if (0.362 % 100.0/100.0 == 0.362)
19 cout << ”"True” << endl;

0 else

cout << "False” << endl;

]

return O0;
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Despite the fact that all equalities seem to be true, this is not the case. Equalities are not
properly interpreted due the reformulation into binary format.

Another possible issue might arise if you compare +0 and —0, which indeed is considered
to be equal, but if you use this inside a substitution, this could lead to ﬁ = 400, where
+o00 and —oo are not equal.



