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The plot of the results for the real and imaginary parts of the ` = 2 quasinormal mode frequencies

for a nonspinning black hole for di↵erent overtones looks as shown in Fig. 1.

When interpreting Re(!n`) as an oscillation frequency and Im(!n`) as a decay rate, the features

exhibited in this plot seem counterintuitive based on expectations for the oscillation modes of a

string or an elastic body, for which both the oscillation frequency and the decay rate increase with

increasing overtone number n, i.e. with an increasing number of nodes in the wavefunction. The

QNM plot, however, shows that Re(!n`) is first decreasing with n, then has a zero, and then increases

to an asymptotically constant value for large n.
This behavior can seem more natural when considering a re-interpretation of Re(!n`) and Im(!n`).

To this end, we consider a simple damped oscillator with amplitude  (t), oscillation frequency !0,

and linear damping �0, obeying the equation of motion

 ̈ + �0 ̇ + !2
0 = 0. (1)

The general solution is of the form

 (t) = a1e
i!+t

+ a2e
i!�t, (2)

where a1 and a2 are constants determined by the initial conditions and

!± = ±
q
!2
0 � (�0/2)2 + i

�0
2
. (3)

We see that the solutions are of the form exp[(±i!R?!I)t], with

!R =

q
!2
0 � (�0/2)2, !I =

�0
2
. (4)

Inverting this to solve for the parameters of the oscillator !0 and �0 in terms of the oscillation modes

of the solution leads to

!0 =

q
!2
R + !2

I , �0 = 2!I. (5)

Note that only in the limit �0/2 ⌧ !0 corresponding to very long-lived modes we get the identi-

fication !0 ⇡ !R. However, when modeling the quasinormal modes of black holes as arising from

oscillator degrees of freedom analogous to those in Eq. (1), the opposite limit applies. This is seen

in Fig. 1, where for most modes !I � !R. In this limit, the frequency of the oscillator degree of

freedom is !0 ⇡ !I.

Taking into account the identification (5) between the frequency and damping of the oscillators

and the real and imaginary parts of the frequency of the solution leads to the version of Fig. 1 shown

in Fig. 2.

We observe that in terms of !0 the structure of the black hole frequency spectrum becomes similar

to expectations for generic oscillators. The frequency !0 increases monotonically with the overtone

number n, and since the damping coe�cient �0 = 2!I, the damping also increases monotonically

with n. Thus, in terms of the equivalent harmonic oscillators, the least damped mode (n = 1) also

has the lowest value of !0, and with increasing !0 the lifetime of the excitation becomes shorter.
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FIG. 1: Real vs. imaginary parts of the ` = 2 quasinormal mode frequencies for a Schwarzschild black hole
for di↵erent overtones (red dots).

FIG. 2: Frequency of the equivalent oscillator degrees of freedom for quasinormal modes of a Schwazschild
black hole (blue dots) computed from the relation (5).
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3. Analytic representation for the quasi-normal modes

We consider the equation:

r(r − 1)ψl,rr + ψl,r −
[
ρ2r3

r − 1
+ l(l + 1)− s2 − 1

r

]
ψl = 0. (1)

a) The singular values of Eq. (1) are r = 0 and r = 1.

Now, we consider the ansatz:

ψl = exp[−ρ(r + ln r)]. (2)

By taking derivatives of this ansatz with respect to r, and substituting the results into
Eq. (1), we get:

e−ρ(r+ln r)

(r − 1)r

{
(1 + ρ2)− s2 + r[s2 − 1− 2ρ+ l(l + 1)]− r2[l(l + 1) + 2ρ2]

}
(3)

Employing the assumption that ℜ(ρ) > 0 (so that the exponential always decays), this
equation is equal to zero when r → ∞.

Now, we consider the ansatz

ψl = (r − 1)ρ = ϵρ. (4)

As in the first case, we substitute this ansatz into Eq. (1), and we get the expression:

− (r − 1)ρ

r

{
1− s2 + r2ρ2 + r3ρ2 + r[ρ+ l(l + 1)]

}
. (5)

If we take the limit r → 1, then this expression is identical to zero, since we have ℜ(ρ) > 0.

b) and c) These are solved in the attached jupyter notebook.
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