
Lecture Recording
❖ Note: These lectures will be recorded and posted onto the IMPRS website 

❖ Dear participants, 

❖ We will record all lectures on “Making sense of data: introduction to statistics for 
gravitational wave astronomy”, including possible Q&A after the presentation, 
and we will make the recordings publicly available on the IMPRS lecture 
website at: 

- https://imprs-gw-lectures.aei.mpg.de/2023-making-sense-of-data/

❖ By participating in this Zoom meeting, you are giving your explicit consent to 
the recording of the lecture and the publication of the recording on the course 
website. 
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Likelihood
❖ The usual assumed model for the output of a GW detector is

❖ and for stationary noise we have (the meaning of Sn(f) will be discussed further 
in lecture 5)

❖ If we additionally assume the noise is Gaussian then we can write down a 
probability distribution for s(t)

❖ where

s(t) = n(t) + h(t;~�)
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Fisher Matrix Estimates of Precision
❖ Recall the Cramer-Rao bound on the variance of unbiased estimators

❖ where       is some estimator of the parameter values and

❖ is the Fisher Information Matrix.

❖ For the gravitational wave likelihood
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Linear Signal Approximation
❖ The Fisher matrix provides a lower bound on the variance, or uncertainty, 

of an estimator.

❖ In general, the Fisher matrix provides a good guide to how well 
parameters can be measured, particularly in the limit of high signal-to-
noise ratio. This can be seen in the linear signal approximation. If we write 

❖ and expand

❖ we find

❖ where        is the Fisher Matrix.

s(t) = n(t) + h(t;~�0)
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Fisher Matrix Estimates of Precision

❖ The Fisher matrix is widely used 
in a gravitational wave context to 
characterise our ability to 
measure parameters.

❖ While only an approximation, it 
is much cheaper to compute than 
the posterior or MLE distribution 
and so can be used to survey 
parameter space much more 
efficiently.

❖ Widely used to scope out science 
for and optimise design of new 
facilities.
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neutron star coalescences, and for galactic supernovae;
and

6. the level of stochastic background that could be observed
with SNR = 1 after one year of observation time.

Note that while these metrics have chosen to be representative
of the basic kinds of signal searches and parameter estimation
problems that are carried out with gravitational-wave detectors,
they feed more broadly into overarching science goals. For ex-
ample, for tests of general relativity, the SNR performance for
binary black-hole systems as quantified by metric (2) is related
to the precision with which one can perform spectroscopy on
black hole ringdown signals [20], and the metric (4) is related
to polarization-discrimination ability required to carry out a
broad class of polarization-based relativity tests [21].

Our strategy for exploring the above metrics is as follows.
First, we write down a list of possible three-facility config-
urations using various combinations of second- and third-
generation detectors [22]; in the end we select nine such com-
binations. For each of these nine configurations, we generate
an ensemble of possible networks by allowing the locations
of the third-generation facilities (ET or CE) to vary randomly
across the globe [23], and by allowing the Voyager detectors
to be chosen randomly from one of five facilities (Hanford,
Livingston, Pisa, India, and Kamioka). For each of the config-
urations involving at least one ET or CE facility, we generate
200 random networks; for the three-Voyager configuration we
generate 10 networks (the maximum possible by choosing 3
facilities from a set of 5); and for the HLV configuration we
use only the one existing network with two LIGO detectors at
Hanford and Livingston and one Virgo detector [24] at Pisa.
Any network realization with the facilities placed too close
together (area of the planar triangle spanned by the facilities
is less than 0.25r�2, where r� is the radius of the Earth) is re-
jected. In total, this results in more than 1000 networks whose
performance we evaluate. In the subsequent plots, the random
networks are shown as circles, with the color of each circle
corresponding to the nine configurations given above.

For each of the nine configurations we generate a single,
plausible network using the facility coordinates given in Tab. I,
with detectors assigned to facilities according to Tab. II. These
are shown as colored stars in the subsequent plots.

For the metrics involving binary coalescences, we generate
12 ⇥ 82 = 768 systems distributed isotropically in the sky (via
the HEALPix scheme [25][26]), and with random inclinations.
The components of the binary are non-spinning and have equal
mass. For each of the >1000 networks, we evaluate each metric
against all of these systems, resulting in a distribution of 768
values; we then extract the median value of this distribution,
and the value delimiting the best 10% of the distribution. No
SNR cuts or trigger thresholds are applied.

The stochastic metric results in only one value per network,
so no computation of quantiles is necessary.

A. Localization of neutron-star binaries at z = 0.3

Out to redshift z = 0.3, one may reasonably expect >500
binary neutron star coalescence events to pass through the

Network H L V I K E A U
HLV aL aL AdV — — — — —
3Voy Voy — Voy Voy — — — —
ET/2Voy — Voy — — Voy ET — —
CE/2Voy — — Voy — Voy — — CE
ET/CE/Voy — — — Voy — ET — CE
2CE/Voy — — — — Voy — CE CE
ET/2CE — — — — — ET CE CE
3CE — — — — — CE CE CE
3ET — — — — — ET ET ET

TABLE II: Composition of plausible network configurations, shown
as stars in the subsequent plots. “aL” is Advanced LIGO, “AdV” is
Advanced Virgo; “Voy” is LIGO Voyager; “ET” is Einstein Telescope,
and “CE” is Cosmic Explorer. H, L, V, I, K, E, A, and U are facilities

whose coordinates are given in Tab. I.
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FIG. 3: Distribution of best 10% sky localization areas (90% con-
fidence) for randomly simulated networks, shown for z = 0.3 and
M1 = M2 = 1.4 M�. The horizontal axis denotes the area of the trian-
gle spanned by the three facilities in units of earth radii squared. Stars

indicate plausible network configurations (Tab. II).

earth every year, even assuming a pessimistic local merger rate
density ⇠100 Gpc�3 yr�1. These events, if su�ciently localized,
will be within the followup capabilities of next-generation
telescopes.

With a network of three separate detector facilities, events
can be localized to an ellipse on the sky. In this work we
compute the localization area (90% confidence interval) via
the basic Fisher matrix procedure described by Singer and
Price [27, §B], with uniform priors.

In Fig. 3 we plot the resulting distributions for the best 10%
of localizations, with the networks sorted by the area spanned
by the three facilities. As expected, the localization perfor-
mance scales inversely with the area. It is also clear that each
addition of a 3G facility to the network significantly improves
the network’s localization capability. A network composed of
two 2G facilities and one 3G facility is roughly a factor of 3
better than a baseline set of three 2G facilities. Including two
3G facilities o↵ers an order of magnitude improvement over

Hall & Evans (2019), arxiv:1902.09485
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FIG. 11. Distribution over observed EMRIs of the expected statistical errors (1� uncertainties as computed using the Fisher
matrix) in the measurement of intrinsic parameters: central MBH redshifted mass (top left), spin (top right), CO mass (bottom
left) and eccentricity at plunge (bottom right). The dashed lines mark the first, second and third quartile of the distributions.

ues. Distance uncertainty will therefore be the dominant
source of uncertainty in mass measurements.

The sky localization is usually better than 10 deg2.
This is the typical field of view of future large optical and
radio facilities such as the Large Synoptic Survey Tele-
scope [119] or the Square Kilometre Array [120]. EMRIs
localized to this accuracy can therefore be covered with
a single pointing to check for the possible presence of
electromagnetic counterparts, which could be associated
with the interaction between the CO and an MBH ac-
cretion disk [56, 58–60]. Electromagnetic counterparts
would be easiest to observe from close by sources, which
would also be the loudest, and so the best localized (usu-
ally to better than 1 deg2). Identifying a source galaxy
from an electromagnetic counterpart would allow for an
independent redshift measurement, which would improve
the precision of the (source-frame) mass measurements.

Finally, the precise measurements provided by EMRI
observations allow us to maps the spacetime of the MBH
and check its Kerr nature. The multipolar structure of
the Kerr metric is completely determined by its mass and
spin. According the no-hair theorem, the quadrupole

moment is given by QK = �a
2
M

3 [121] (see e.g. [54]
for a review of tests of the no-hair theorem with LISA).
Since EMRIs are expected to probe the multipolar struc-
ture of the central MBH spacetime to high accuracy [46–
50], they will be able to confirm if the quadrupole mo-
ment obeys the expected Kerr relation [122]. In Fig-
ure 13 we show the precision with which possible devi-
ations Q away from the Kerr quadrupole can be con-
strained. We plot the error on the dimensionless quan-
tity Q ⌘ (Q � QK)/M3 (which is independent of the
redshifting of masses). We do not consider any particu-
lar modified theory of gravity: the parameter Q is just a
phenomenological parametrization of hypothetical devi-
ations from the general-relativistic quadrupole moment,
and we are interested in determining what level of devia-
tion would be measurable. As expected, Q is better con-
strained by using AKK waveforms, since the e↵ect of a
modified quadrupole become important only at small dis-
tances from the MBH, i.e. in the late inspiral and plunge.

Overall, for all the parameters that we considered, the
distributions of the errors are broadly consistent between
the di↵erent population models. The populations control

Fisher Matrix Estimates of Precision

Babak et al. (2017), arxiv:1703.09722



Matched filtering/template bank 
searches



❖ The output of a filter, the overlap of the data with a template, is a statistic. 
The optimal filter for finding a known signal is one that matches the signal 
in the Fourier domain, weighted by the noise PSD (see lecture 5)

❖ Considering the log-likelihood

❖ We deduce that the maximum of the optimal filter over the parameter 
space is the maximum likelihood estimator.

Matched Filtering

K̃(f) =
h̃(f)

Sn(f)
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7 Examples of frequentist statistics in gravitational wave
astronomy

7.1 Matched filtering

In the previous chapter we introduced the idea of matched filtering, motivated by maximising
the signal to noise ratio of a filtered data stream. The optimal filter has a frequency-domain
kernel K̃(f) / h̃(f)/Sh(f). The use of the output of the optimal filter as a test statistic for
a search can also be motivated by the frequentist concepts that we encountered in previous
chapters. Suppose that we write h(�) = Aĥ(�), where (ĥ(�)|ĥ(�)) = 1, to separate out the
amplitude of the gravitational wave source from the other parameters. The log-likelihood
can be written

l(�) = �
1

2
(s � Aĥ(�)|s � Aĥ(�)) = �

1

2

h
(s|s) � 2A(s|ĥ) + A2

i

= �
1

2

h
(s|s) + (A � (s|ĥ))2 � (s|ĥ)2

i
. (99)

Fora given �, this is maximized by the choice A = (s|ĥ), for which the log-likelihood /

(s|ĥ)2 � (s|s). The maximum likelihood estimator for parameters other than the amplitude
is thus given by the maximum of the optimal filter output over the parameter space. So,
optimal filtering is just maximum likelihood estimation. To do this in practice, the optimal
filter must be evaluated over the whole parameter space. In the analysis of gravitational
wave data, from LIGO in particular, this is achieved using a template bank, which is a set
of templates that cover the whole parameter space. The overlap of each template with the
detector data is evaluated, and the maximum of those template overlaps is used as a test
statistic to identify whether or not there is a signal in the data.

The question that we want to ask is “Is there a gravitational wave signal in the data?”.
Assuming that the parameters � are fixed, this can formulated as a hypothesis test on the
signal amplitude

H0 : A = 0, vs. H1 : A > 0.

From the Neyman-Pearson lemma the optimal statistic for testing the simple hypothesis
A = 0 versus A = A1 is the likelihood ratio, which is

exp


A1(s|ĥ(�)) �

1

2
A2

1

�
.

This is large for large values of the optimal filter (s|ĥ(�)) and so we deduce that the optimal
filter is also the most powerful detection statistic. As the detection statistic does not depend
on A1, this test is uniformly most powerful for the composite hypothesis A > 0. In the more
usual case that � is unknown, although the maximum of the optimal filter statistic is still the
maximum likelihood estimator, this is no longer a uniformly most powerful test, although it
remains quite close to being so.



❖ The optimal filter can also be interpreted in terms of hypothesis testing. Assuming 
all parameters except the amplitude are known then the question “Is there a 
gravitational wave in the data” is equivalent to the hypothesis test

❖ From the Neyman-Pearson Lemma, the most powerful statistic for testing A=0 
versus A=A1 > 0 is the likelihood ratio

❖ We deduce that the optimal filter is also the most powerful test statistic for this 
hypothesis. As the statistic does not depend on A it is also uniformly most powerful 
for the composite hypothesis A > 0.

Matched Filtering
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Matched Filtering
❖ Many searches are based on matched filtering. Since the signal is not known, 

we employ a template bank of possible waveforms. If a signal matches a 
template in the bank, we can pull it out of the data.



❖ The detection statistic (the maximum overlap in the template bank), is 
(approximately) the maximum likelihood estimator. It is not the most powerful 
hypothesis test statistic, but it is a reasonable approximation.

Matched Filtering

AJK Chua & J Gair (2015)



Template Bank Construction
❖ The Fisher matrix can also be used as a metric to construct a template 

bank satisfying a minimal match criterion

❖ Fisher Matrix metric not easy 
to use in higher dimensional 
parameter spaces. Now 
common to use stochastic banks.

❖ Can also do stochastic searches 
(MCMC) that generate 
templates on the fly.

min
htrue

max
htemp

(htrue|htemp) & 1�MM
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LIGO searches

❖ Whether using the optimal filter directly, or refined versions of it, LIGO searches are 
essentially frequentist. There is a defined detection statistic and if the detection 
statistic is exceeded, the data is flagged as interesting.

❖ The distribution of the detection statistic is computed in the absence of signals, and 
the threshold determined based on the probability of a false detection.

❖ The sensitivity of the search is assessed by injection and recovery of sources into the 
detector data.

❖ The background distribution is typically evaluated using time slides. This 
approach relies on the fact that LIGO searches normally use data from more than 
one detector.



Background Estimation
❖ Noise is not stationary or Gaussian and contains glitches, lines etc.

❖ Use frequentist techniques to characterise noise background properties
- process data in a way that eliminates signal but not noise
- for LIGO - time slide data from different detectors

- noise + signal coincidences are not background
- significance of events in tail, i.e., sources, is hard to estimate

S1

S2

S3



False Alarm Rate (FAR)
❖ In the hypothesis testing part of this course we placed a lot of emphasis on the 

significance or p-value of a test. These make sense when we are referring to finite 
data sets. However, in a gravitational wave context, data is continuously being 
collected. It therefore makes sense to quote a false alarm rate (FAR).

❖ The FAR is the frequency with which triggers of the observed threshold value or 
higher occur in continuous observation with the detector in the absence of signals.

https://gracedb.ligo.org

http://graced.ligo.org


Search refinements: waveform consistency
❖ If we subtract the correct 

template the residual at 
each frequency should be 
Normally distributed.

❖ Hence the quantity

❖ follows a chi-squared 
distribution.

❖ Construct an effective SNR 
that penalises lack of fit

LVC, Phys. Rev. D 93, 122003 (2016)

�2 =
NX

k=1

|ŝk � ĥk|2

Sn(fk)
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(1 + (�2/N)3)
1
6
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Search refinements: phase and Time Parameters
❖ Certain parameters can be maximised over cheaply, e.g., unknown phase

❖ and unknown coalescence time

❖ This is the inverse Fourier transform of                                                         . 
Obtain overlap for all time offsets cheaply using a Fast Fourier 
Transform. Maximisation is a frequentist approach. The Bayesian 
equivalent would be marginalisation.

h(t;A, f0, tc,�0) = A cos(2⇡f0(t� tc) + �0)
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The F-statistic
❖ The F-statistic extends the idea of phase maximisation to more of the extrinsic 

parameters. We write the waveform as a sum over four basis functions

❖ where

❖ and
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once we introduce the galactic foreground, we automatically lose the assumption that
the noise is stationary and Gaussian. We will see later in the paper how this effects
the statistics of the recovered parameter values.

3.3. The generalized F-Statistic.

One of the advantages of dividing the parameter set into extrinsic and intrinsic, is
that we can project onto the orthogonal subspace defined by the intrinsic parameters
to reduce the dimensionality of the search. Instead of having to search over the
full 9-d search space, we only need to search the subset of intrinsic parameters
{ln(Mc), ln(µ), ln(tc), θ,φ}. We can use the F-statistic [42] to find the optimal values
of the four extrinsic parameters {ι,ψ, DL,ϕc}. This is done as follows. We first write
the strain of the gravitational wave in the form

h(t) =
4

∑

i=1

ai (ι,ψ, DL,ϕc)A
i (t;Mc, µ, tc, θ,φ) , (32)

where

a1 = Λ
[(

1 + cos2 ι
)

cos 2ψ cosϕc − 2 cos ι sin 2ψ sinϕc

]

a2 = − Λ
[(

1 + cos2 ι
)

sin 2ψ cosϕc + 2 cos ι cos 2ψ sinϕc

]

a3 = Λ
[(

1 + cos2 ι
)

cos 2ψ sinϕc + 2 cos ι sin 2ψ cosϕc

]

a4 = − Λ
[(

1 + cos2 ι
)

sin 2ψ sinϕc − 2 cos ι cos 2ψ cosϕc

]

,

(33)

and

A1 = moη x(t)D
+ cos(ϕ)

A2 = moη x(t)D
× cos(ϕ)

A3 = moη x(t)D
+ sin(ϕ)

A4 = moη x(t)D
× sin(ϕ). (34)

Here Λ = c/DL and mo = Gm/c3 is the total mass in seconds. We can see that the
time-independent ai quantities give us a series of four equations in four unknowns. By
defining four constants N i =

〈

s
∣

∣Ai
〉

, where s(t) = h(t) + n(t) is the signal, we can
find a solution for the ai’s in the form

ai = MijN
j , (35)

where the M-Matrix is defined by

Mij =
(

M ij
)−1

=
〈

Ai
∣

∣Aj
〉−1

. (36)

If we now substitute the above equation into the expression for the reduced log-
likelihood, i.e.

ln L ('x) = 〈s |h ('x)〉 −
1

2
〈h ('x) |h ('x)〉 , (37)

we obtain the F-statistic

F =
1

2
MijN

iN j , (38)

which automatically maximizes the log-likelihood over the extrinsic parameters and
reduces the search space to the sub-space of intrinsic parameters. Once we have the
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The F-statistic
❖ Treating the amplitudes of the components of the waveform as independent, we can 

find the best-fit values via

❖ Substituting this into the likelihood

❖ gives 

❖ This is the F-statistic. It depends only on intrinsic parameters, but can be used 
directly in a template bank instead of including templates in the extrinsic 
parameters as well.

❖ An estimate for the extrinsic parameters can be obtained from the maximized values 
of the ai coefficients.

ai = MijN
j
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once we introduce the galactic foreground, we automatically lose the assumption that
the noise is stationary and Gaussian. We will see later in the paper how this effects
the statistics of the recovered parameter values.

3.3. The generalized F-Statistic.

One of the advantages of dividing the parameter set into extrinsic and intrinsic, is
that we can project onto the orthogonal subspace defined by the intrinsic parameters
to reduce the dimensionality of the search. Instead of having to search over the
full 9-d search space, we only need to search the subset of intrinsic parameters
{ln(Mc), ln(µ), ln(tc), θ,φ}. We can use the F-statistic [42] to find the optimal values
of the four extrinsic parameters {ι,ψ, DL,ϕc}. This is done as follows. We first write
the strain of the gravitational wave in the form

h(t) =
4

∑

i=1

ai (ι,ψ, DL,ϕc)A
i (t;Mc, µ, tc, θ,φ) , (32)

where

a1 = Λ
[(

1 + cos2 ι
)

cos 2ψ cosϕc − 2 cos ι sin 2ψ sinϕc

]

a2 = − Λ
[(

1 + cos2 ι
)

sin 2ψ cosϕc + 2 cos ι cos 2ψ sinϕc

]

a3 = Λ
[(

1 + cos2 ι
)

cos 2ψ sinϕc + 2 cos ι sin 2ψ cosϕc

]

a4 = − Λ
[(

1 + cos2 ι
)

sin 2ψ sinϕc − 2 cos ι cos 2ψ cosϕc

]

,

(33)

and

A1 = moη x(t)D
+ cos(ϕ)

A2 = moη x(t)D
× cos(ϕ)

A3 = moη x(t)D
+ sin(ϕ)

A4 = moη x(t)D
× sin(ϕ). (34)

Here Λ = c/DL and mo = Gm/c3 is the total mass in seconds. We can see that the
time-independent ai quantities give us a series of four equations in four unknowns. By
defining four constants N i =

〈

s
∣

∣Ai
〉

, where s(t) = h(t) + n(t) is the signal, we can
find a solution for the ai’s in the form

ai = MijN
j , (35)

where the M-Matrix is defined by

Mij =
(

M ij
)−1

=
〈

Ai
∣

∣Aj
〉−1

. (36)

If we now substitute the above equation into the expression for the reduced log-
likelihood, i.e.

ln L ('x) = 〈s |h ('x)〉 −
1

2
〈h ('x) |h ('x)〉 , (37)

we obtain the F-statistic

F =
1

2
MijN

iN j , (38)

which automatically maximizes the log-likelihood over the extrinsic parameters and
reduces the search space to the sub-space of intrinsic parameters. Once we have the
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LIGO Pipelines

❖ Two main matched filtering pipelines used in LIGO for compact binary 
coalescence searches.

❖ pycbc: constructs template bank of waveforms; computes chi-squared 
test for fit; uses effective SNR as a ranking statistic; background 
computed using time slides.

❖ gstLAL: constructs template bank of waveforms, then does SVD 
decomposition to form a signal basis; detection statistic is likelihood 
ratio for signal versus noise; waveform consistency assessed by 
comparing SNR time series to theory; time slides again used to assess 
background.
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PSD Estimation
❖ Matched filter is noise-weighted. OK if you know the noise PSD, but in 

general we will not. For LIGO, estimate this using off-source data.

❖ In practice, use median of noise estimates, rather than the average. This 
is less sensitive to non-stationarities.

❖ No off-source data for LISA. Make progress by fitting noise and signal 
properties simultaneously - need reasonable noise model.

s0 = h+ n0
<latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit><latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit><latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit><latexit sha1_base64="dI6FWG5QhnjM0msN5gY5Kp8w6y8=">AAAB9HicdVDJSgNBEK2JW4xb1KOXxiAIQugRMfEgBLx4jGAWSIahp9OTNOnpGbt7AmHId3jxoIhXP8abf2NnEVwfFDzeq6KqXpAIrg3G705uaXlldS2/XtjY3NreKe7uNXWcKsoaNBaxagdEM8ElaxhuBGsnipEoEKwVDK+mfmvElOaxvDXjhHkR6UseckqMlTztY3SJBugESR/7xRIuuxfnuFJFv4lbxjOUYIG6X3zr9mKaRkwaKojWHRcnxsuIMpwKNil0U80SQoekzzqWShIx7WWzoyfoyCo9FMbKljRopn6dyEik9TgKbGdEzED/9KbiX14nNWHVy7hMUsMknS8KU4FMjKYJoB5XjBoxtoRQxe2tiA6IItTYnAo2hM9P0f+keVp2bTI3Z6VabRFHHg7gEI7BhQrU4Brq0AAKd3APj/DkjJwH59l5mbfmnMXMPnyD8/oBiiaQpg==</latexit>

s�3 = n�3
<latexit sha1_base64="OOLgpxGmfZUujAqANkuLm6FV2AA=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpKo2LoQCm5cVrAPaEOYTCft0MkkzEyEGvolblwo4tZPceffOE0r+Dxw4XDOvdx7T5BwprTjvFsLi0vLK6uFteL6xuZWyd7eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1O/fYtlYrF4kaPE+pFeCBYyAjWRvLtkvKzo5MJukAiJ75ddiru+ZlTraHfxK04OcowR8O333r9mKQRFZpwrFTXdRLtZVhqRjidFHupogkmIzygXUMFjqjysvzwCTowSh+FsTQlNMrVrxMZjpQaR4HpjLAeqp/eVPzL66Y6rHkZE0mqqSCzRWHKkY7RNAXUZ5ISzceGYCKZuRWRIZaYaJNV0YTw+Sn6n7SOK65J5vq0XK/P4yjAHuzDIbhQhTpcQQOaQCCFe3iEJ+vOerCerZdZ64I1n9mFb7BePwCbHJJo</latexit><latexit sha1_base64="OOLgpxGmfZUujAqANkuLm6FV2AA=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpKo2LoQCm5cVrAPaEOYTCft0MkkzEyEGvolblwo4tZPceffOE0r+Dxw4XDOvdx7T5BwprTjvFsLi0vLK6uFteL6xuZWyd7eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1O/fYtlYrF4kaPE+pFeCBYyAjWRvLtkvKzo5MJukAiJ75ddiru+ZlTraHfxK04OcowR8O333r9mKQRFZpwrFTXdRLtZVhqRjidFHupogkmIzygXUMFjqjysvzwCTowSh+FsTQlNMrVrxMZjpQaR4HpjLAeqp/eVPzL66Y6rHkZE0mqqSCzRWHKkY7RNAXUZ5ISzceGYCKZuRWRIZaYaJNV0YTw+Sn6n7SOK65J5vq0XK/P4yjAHuzDIbhQhTpcQQOaQCCFe3iEJ+vOerCerZdZ64I1n9mFb7BePwCbHJJo</latexit><latexit sha1_base64="OOLgpxGmfZUujAqANkuLm6FV2AA=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpKo2LoQCm5cVrAPaEOYTCft0MkkzEyEGvolblwo4tZPceffOE0r+Dxw4XDOvdx7T5BwprTjvFsLi0vLK6uFteL6xuZWyd7eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1O/fYtlYrF4kaPE+pFeCBYyAjWRvLtkvKzo5MJukAiJ75ddiru+ZlTraHfxK04OcowR8O333r9mKQRFZpwrFTXdRLtZVhqRjidFHupogkmIzygXUMFjqjysvzwCTowSh+FsTQlNMrVrxMZjpQaR4HpjLAeqp/eVPzL66Y6rHkZE0mqqSCzRWHKkY7RNAXUZ5ISzceGYCKZuRWRIZaYaJNV0YTw+Sn6n7SOK65J5vq0XK/P4yjAHuzDIbhQhTpcQQOaQCCFe3iEJ+vOerCerZdZ64I1n9mFb7BePwCbHJJo</latexit><latexit sha1_base64="OOLgpxGmfZUujAqANkuLm6FV2AA=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpKo2LoQCm5cVrAPaEOYTCft0MkkzEyEGvolblwo4tZPceffOE0r+Dxw4XDOvdx7T5BwprTjvFsLi0vLK6uFteL6xuZWyd7eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF1O/fYtlYrF4kaPE+pFeCBYyAjWRvLtkvKzo5MJukAiJ75ddiru+ZlTraHfxK04OcowR8O333r9mKQRFZpwrFTXdRLtZVhqRjidFHupogkmIzygXUMFjqjysvzwCTowSh+FsTQlNMrVrxMZjpQaR4HpjLAeqp/eVPzL66Y6rHkZE0mqqSCzRWHKkY7RNAXUZ5ISzceGYCKZuRWRIZaYaJNV0YTw+Sn6n7SOK65J5vq0XK/P4yjAHuzDIbhQhTpcQQOaQCCFe3iEJ+vOerCerZdZ64I1n9mFb7BePwCbHJJo</latexit>

s�2 = n�2
<latexit sha1_base64="imdRq1sMLlSGrq0FncLiAkzkSAM=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpIUsXUhFNy4rGAf0IYwmU7aoZNJmJkINfRL3LhQxK2f4s6/cZpW8HngwuGce7n3niDhTGnHebeWlldW19YLG8XNre2dkr2711ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6c+Z1bKhWLxY2eJNSL8FCwkBGsjeTbJeVnJ9UpukAiJ75ddiru+ZlTq6PfxK04OcqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidFvupogkmYzykPUMFjqjysvzwKToyygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNV0YTw+Sn6n7SrFdckc31abjQWcRTgAA7hGFyoQQOuoAktIJDCPTzCk3VnPVjP1su8dclazOzDN1ivH5gJkmY=</latexit><latexit sha1_base64="imdRq1sMLlSGrq0FncLiAkzkSAM=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpIUsXUhFNy4rGAf0IYwmU7aoZNJmJkINfRL3LhQxK2f4s6/cZpW8HngwuGce7n3niDhTGnHebeWlldW19YLG8XNre2dkr2711ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6c+Z1bKhWLxY2eJNSL8FCwkBGsjeTbJeVnJ9UpukAiJ75ddiru+ZlTq6PfxK04OcqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidFvupogkmYzykPUMFjqjysvzwKToyygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNV0YTw+Sn6n7SrFdckc31abjQWcRTgAA7hGFyoQQOuoAktIJDCPTzCk3VnPVjP1su8dclazOzDN1ivH5gJkmY=</latexit><latexit sha1_base64="imdRq1sMLlSGrq0FncLiAkzkSAM=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpIUsXUhFNy4rGAf0IYwmU7aoZNJmJkINfRL3LhQxK2f4s6/cZpW8HngwuGce7n3niDhTGnHebeWlldW19YLG8XNre2dkr2711ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6c+Z1bKhWLxY2eJNSL8FCwkBGsjeTbJeVnJ9UpukAiJ75ddiru+ZlTq6PfxK04OcqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidFvupogkmYzykPUMFjqjysvzwKToyygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNV0YTw+Sn6n7SrFdckc31abjQWcRTgAA7hGFyoQQOuoAktIJDCPTzCk3VnPVjP1su8dclazOzDN1ivH5gJkmY=</latexit><latexit sha1_base64="imdRq1sMLlSGrq0FncLiAkzkSAM=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgxpIUsXUhFNy4rGAf0IYwmU7aoZNJmJkINfRL3LhQxK2f4s6/cZpW8HngwuGce7n3niDhTGnHebeWlldW19YLG8XNre2dkr2711ZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6c+Z1bKhWLxY2eJNSL8FCwkBGsjeTbJeVnJ9UpukAiJ75ddiru+ZlTq6PfxK04OcqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidFvupogkmYzykPUMFjqjysvzwKToyygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNV0YTw+Sn6n7SrFdckc31abjQWcRTgAA7hGFyoQQOuoAktIJDCPTzCk3VnPVjP1su8dclazOzDN1ivH5gJkmY=</latexit>

s�1 = n�1
<latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit><latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit><latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit><latexit sha1_base64="9InTNLD4sMCTkJldWKr7GAQMr+Q=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN5ZExNaFUHDjsoJ9QBvCZDpph04mYWYi1NAvceNCEbd+ijv/xmlaweeBC4dz7uXee4KEM6Ud590qLC2vrK4V10sbm1vbZXtnt63iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw58zu3VCoWixs9SagX4aFgISNYG8m3y8rPjt0pukAiJ75dcaru+ZlTq6PfxK06OSqwQNO33/qDmKQRFZpwrFTPdRLtZVhqRjidlvqpogkmYzykPUMFjqjysvzwKTo0ygCFsTQlNMrVrxMZjpSaRIHpjLAeqZ/eTPzL66U6rHsZE0mqqSDzRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTw+Sn6n7RPqq5J5vq00mgs4ijCPhzAEbhQgwZcQRNaQCCFe3iEJ+vOerCerZd5a8FazOzBN1ivH5T2kmQ=</latexit>

s1 = n1
<latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit><latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit><latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit><latexit sha1_base64="TNTYls0RSYs6MyUv3+UMq9KX85o=">AAAB9HicdVBNSwMxEJ2tX7V+VT16CRbBU9kVsfUgFLx4rGBroV1KNp22odnsmmQLZenv8OJBEa/+GG/+G7NtBT8fDPN4b4ZMXhALro3rvju5peWV1bX8emFjc2t7p7i719RRohg2WCQi1QqoRsElNgw3AluxQhoGAm+D0WXm345RaR7JGzOJ0Q/pQPI+Z9RYydfd1JuSCyKz3i2W3LJ3fuZWquQ38cruDCVYoN4tvnV6EUtClIYJqnXbc2Pjp1QZzgROC51EY0zZiA6wbamkIWo/nR09JUdW6ZF+pGxJQ2bq142UhlpPwsBOhtQM9U8vE//y2onpV/2UyzgxKNn8oX4iiIlIlgDpcYXMiIkllClubyVsSBVlxuZUsCF8/pT8T5onZc8mc31aqtUWceThAA7hGDyoQA2uoA4NYHAH9/AIT87YeXCenZf5aM5Z7OzDNzivH0N6kcU=</latexit>

s2 = n2
<latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit><latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit><latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit><latexit sha1_base64="jHgr12QrKuAUbg6h5JS9x99cOIQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgqswUsXUhFNy4rGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGkr+DxwuYdz7iU3J4g508Z1353cyura+kZ+s7C1vbO7V9w/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H46vMb0+o0kyKWzONqR/hoWAhI9hYydf9tDJDl0hkvV8suWXv4tyt1tBv4pXdOUqwRKNffOsNJEkiKgzhWOuu58bGT7EyjHA6K/QSTWNMxnhIu5YKHFHtp/OjZ+jEKgMUSmVLGDRXv26kONJ6GgV2MsJmpH96mfiX101MWPNTJuLEUEEWD4UJR0aiLAE0YIoSw6eWYKKYvRWREVaYGJtTwYbw+VP0P2lVyp5N5uasVK8v48jDERzDKXhQhTpcQwOaQOAO7uERnpyJ8+A8Oy+L0Zyz3DmEb3BePwBGjJHH</latexit>
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Unmodelled/Excess power 
searches



Unmodelled Searches
❖ Detection of gravitational wave bursts relies on two 

techniques

- Coincidence analysis. As for stochastic background, combine 
data from multiple detectors. Likelihood of an instrumental 
artefact in two detectors simultaneously is small.

- Time-frequency analysis. Look for changes in spectral 
properties over time, e.g., excess power in a set of 
connected pixels.

❖ Basic idea: construct time-frequency spectrograms of 
the data, i.e., estimate power at each frequency and 
time. Use spectrograms at multiple resolutions to 
give sensitivity to different burst morphologies.

❖ Look for clusters of pixels coincident between 
instruments.
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Unmodelled Searches: Coherent Wave Burst
❖ Combines spectrograms at multiple 

resolutions. Identifies pixel clusters.

❖ Uses various derived quantities to 
distinguish signals from noise artefacts, 
e.g., coherent and residual noise energies.

Layers
• Layers represent data transformed with 

different resolutions of the mother 
wavelet.

• Each layer has two bases to form a dual 
frame. 

• Whitened after divided to remove noise.
• Can be condensed down to one layer to 

combine across network.

[5] S. Klimenko, 21 January 2014, University of Florida, cWB Review. 17

Cluster Selection Process

•Identification of pixels based on energy level.
• After whitening, identify black pixels per layer
using threshold so only 1 of every n pixels 
(wavelets) is selected.
• Black pixel probability (bpp)

• Surrounding “halo” pixels used to form clusters.
• Consider a 5x5 matrix around black pixel.

• Wavelet layers then condensed to make super 
cluster.
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• cc: network correlation 
coefficient

• Coherently compares events 
across detectors.
• Varies between 0 and 1.
• Higher values indicate higher 

coherency.
• Coherent Energy:

• Residual Noise Energy:

Network Correlation Coefficient

[1] M. Drago, 2010.

Background Simulation
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Unmodelled Searches: Coherent Wave Burst



Unmodelled Searches: X-pipeline
❖ X-pipeline uses similar methods to CWB, 

but different implementation.

❖ Data is whitened and FFT’d at multiple 
resolutions. Data from different detectors is 
then summed to construct various energy 
measures.

❖ High energy (black) pixels are identified 
and clustered.

❖ Each event characterised by certain 
parameters - start time, peak time, 
duration, start frequency, peak frequency, 
bandwidth, number of pixels, energy 
measures, sky position, FFT length etc.

❖ Loop over sky positions and length of FFTs.
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Unmodelled Searches: X-pipeline
❖ Analysis is in two stages. 

Trigger generation, as 
described above, then post 
processing.

❖ Post processing involves 
rejecting background events 
based on event properties, and 
assessment of search efficiency.

❖ Rejection uses different 
combinations of energy 
measures, based on randomly 
selected training set of 
injections and time slides.
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Unmodelled Searches: LISA
❖ Time-frequency methods were also applied for EMRI detection for LISA.

- Search for tracks in time-frequency spectrogram of data.

- Three algorithms tried - Excess Power, HACR, CATS. Estimate detection 
threshold at ~2Gpc. Good parameter recovery in MLDC, but likely to fail when 
presented with weak or confused sources.
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Semi-coherent search methods



❖ First stage is coherent matched filtering of shorter (~2 week) waveform 
segments. Segment length set by computational limits.

❖ Second stage involves incoherent summation of maximized power along 
trajectories through the segments.

Semi-coherent searches: EMRIs



❖ First stage is coherent matched filtering of shorter (~2 week) waveform 
segments. Segment length set by computational limits.

❖ Second stage involves incoherent summation of maximized power along 
trajectories through the segments.

❖ Performance analysed theoretically to derive estimated EMRI event 
rates. Computational cost has prevented practical implementation.

Semi-coherent searches: EMRIs



Semi-coherent searches: pulsars

❖ LIGO unknown pulsar search also uses semi-coherent techniques.

❖ Stack-Slide algorithm is very similar to EMRI algorithm described above.

❖ Hough Transform applies the Hough Transform, a well-established 
technique for detecting simple shapes (edges) in an image, to the output 
of the coherent stage of the search.

❖ Requires a huge amount of computer power - Einstein@home.



❖ In the spirit of Seti@home, Einstein@Home is an attempt to use idle cpu 
hours to analyse LIGO data and assist with the unknown pulsar search. 
You can sign up at http://einstein.phys.uwm.edu/ !

❖ The program is built on BOINC (Berkeley Open Infrastructure for 
Network Computing) and was released in 2005 to coincide with the 
World Year of Physics.

❖ Each computer analyses a different segment of data for a particular sky 
position. Each data segment is farmed out to at least two nodes to 
ensure accuracy.

❖ Einstein@Home currently has approximately 500,000 active users and a 
total of 5GFLOPs computing power. 

❖ No gravitational waves discovered from pulsars, but has identified 
unknown pulsars in other data sets.
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Searching for Backgrounds



Stochastic Gravitational Wave Fore/Backgrounds

❖ Stochastic backgrounds are potentially present in all frequency bands, 
and could therefore be seen by any of our gravitational wave detectors.

❖ The Polarisation of the Cosmic Microwave Background is a direct probe 
of cosmological gravitational waves.

❖ In interferometers, search for an isotropic background using cross-
correlation between multiple detectors to identify common noise.
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❖ In the preceding equation,            denotes a finite time approximation to 
the Dirac delta function

❖ and           denotes the cross-correlation filter. If the noise in the detectors 
is uncorrelated, the expectation value of   depends only on the cross-
correlated stochastic signal

❖ The function             is the overlap reduction function, which measures the 
loss of sensitivity due to the separation and relative orientation of the 
two detectors. The SNR is maximized by using the optimal filter

Stochastic Gravitational Wave Fore/Backgrounds

�T (f)
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❖ In the preceding equation,            denotes a finite time approximation to 
the Dirac delta function

❖ and           denotes the cross-correlation filter. If the noise in the detectors 
is uncorrelated, the expectation value of   depends only on the cross-
correlated stochastic signal

❖ The function             is the overlap reduction function, which measures the 
loss of sensitivity due to the separation and relative orientation of the 
two detectors. The SNR is maximized by using the optimal filter
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❖ For pulsar timing, the overlap reduction function for an isotropic 
background is the Hellings and Downs curve.
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❖ Uncorrelated anisotropic and correlated backgrounds have different 
correlation functions.
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❖ Uncorrelated anisotropic and correlated backgrounds have different 
correlation functions.
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❖ Uncorrelated anisotropic and correlated backgrounds have different 
correlation functions.
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