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Outline

•Brief history of NR 

• Important BBH phenomena everyone should know: 
• Higher order modes 
• Junk radiation. 
• Precession 
• “Hang-up” effect 
• Eccentricity 
• Kicks 

•Status of the field and frontiers
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Part I: Brief history of NR
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Stages of a binary black hole

Inspiral RingdownMerger

Post-Newtonian 
theory

Black hole  
perturbation theory

Numerical 
Relativity
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The very beginning

Evolution  
time 1.8M
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40 years later…



First 50 years of numerical relativity for BBH  

2011 
Lousto ea 

q=100

1994 Cook  
Bowen-York  
initial data

1989-95  
Bona-Masso  
modified ADM, 
(hyperbolicity)

1999-2005  York, 
Cornell, Caltech, LSU  
hyperbolic formulations

1975-77 
Smarr-Eppley 

head-on 
collision  

1962  ADM  
3+1 formulation

1994-95 
NCSA-WashU 

improved 
head-on collision

1999   
BSSN  

evolution  
system

1964  
Hahn-Lindquist 

2 wormholes

2000-02 

Alcubierre 
gauge conditions

Credit: C. Lousto and H. Pfeiffer

1999  York 
conformal thin 
sandwich ID 2003-08 

Cook, Pfeiffer ea 
improved ID

2006,07 
Baker ea; 

Gonzalez ea 
non-spinning BBH 

kicks

2007-11 
RIT; Jena; AEI;… 

BBH superkicks
2000  Ashtekar  
isolated horizons

2008 
all of NR 

NINJA

2007 SXS 
PN-NR 

comparison

2006-08  

Scheel+ (SXS) 
IMR w/ spectral

2005-06   
Campanelli+; Baker+ 

IMR w/ BSSN & 
moving punctures

2000-04 
AEI/UTB-NASA 
revive crashing 
codes (Lazarus)

1984 
Unruh  

excision

1997  
Brandt-

Brügmann  
puncture data

2004 
Brügmann ea  

 one orbit

2005 Pretorius 
inspiral-merger- 
ringdown (IMR)  

w/ harmonic
1999-00 
AEI/PSU   

grazing collisions

2007- 
Ajith, AEI, Jena 

phenom GW models

2009- 
UMD, SXS 

EOB GW models

2011  
Schmidt ea; 

Boyle ea 
Radiation aligned 

frame

1992,3  
Choptuik; 

Abrahams+Evans 
critical phenomena

~2000  Choptuik; 
Schnetter;Brügmann 

mesh refinement

1994-98 
BBH Grand Challenge

2015~19991964

1979  York  
kinematics and 
dynamics of GR

~2005

2005 

Gundlach ea 
constraint damping

2015 
Szilagyi ea 
175 orbits

2014- 
precessing  

GW models

2011 
Lovelace ea 

S/M2=0.97

2011- 
Le Tiec ea

self-force studies
2009-11  
Bishop, ... 

Cauchy  
characteristic 

extraction

2010  
Bernuzzi ea 

C4z

2013 
GaTech; SXS

Precessing 
parameter 

studies
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First BBH simulations

Pretorius 05

Campanelli+06Baker+06

Important early result:   
Simplicity of merger.

Continuous transition  
inspiral → ringdown

Kip Thorne 8



Part II: Important BBH phenomena
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Binary black hole parameters

χ1

χ2

m1

m2

q =
m1

m2
≥ 1

Λ = {q, χ1x, χ1y, χ1z, χ2x, χ2y, χ2z}

χi = Si/m2
i ≤ 1
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Higher order modes
h = h+ − i h×

h(ι, φ0, t) =
∞

∑
ℓ=2

ℓ

∑
m=−ℓ

−2Yℓm(ι, φ0) hℓm(t)

hℓm = Aℓm eiϕℓm ; ωlm =
dϕℓm

dt
∼ m ωorb

• Quadrupole modes, , are typically dominant. 

• Other modes are referred to as higher (order) modes, higher 

harmonics, nonquadrupole modes, or subdominant modes. 

• Become important at large q or large inclination angles .

(2, ± 2)

θ

L
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FIG. 3: Example of hybrid waveform modes constructed by matching NR and PN modes. These hybrid waveforms are constructed
by matching q = 8, �1z = 0.5, �2z = 0 NR waveforms computed using the SpEC code with PN/EOB waveforms describing the
early inspiral. The horizontal axes show the time (with origin at the start of the NR waveforms) and the vertical axes show the GW
modes h`m(t). The matching region (1000M, 2000M) is marked by vertical green lines.

of the binary for di↵erent mass ratios and spins. For total mass
M and symmetric mass ratio ⌘, fractional biases are shown
while for �e↵ absolute biases are shown5. Solid (dashed) lines
correspond to the case where “full” (quadrupole-only) hybrid
waveforms are used as target waveforms. The template family

5In the case of anti-symmetric spin parameter �̃e↵ , the biases are domi-
nated by the bias in the quadrupole mode itself. This is expected as previous
studies have shown that LIGO can only estimate �e↵ to a good accuracy.
Therefore we do not consider biases in �̃e↵ in this study.

in both cases contains only the quadrupole mode. The di↵er-
ence between the solid and dashed lines indicates the e↵ect
of ignoring sub-dominant modes for detection and parameter
estimation. Note that many of the dashed lines lie below the
scale of these plots and are not displayed.

Previous studies [18, 20–22, 25] have shown that the e↵ects
of subdominant modes become important for binaries with
high masses and large mass ratios. At large mass ratios, sub-
dominant modes are excited by a larger extent due to higher
asymmetry. For high masses, the observed signal is dominated
by the merger, during which sub-dominant modes are excited
prominently. Consistent with our expectation, in Fig. 6, the

5

-0.1

0

0.1

h �
m
(t

)

� = 2,m = 2

-0.02

0

0.02

h �
m
(t

)

� = 2,m = 1

-0.04

0

0.04

h �
m
(t

)

� = 3,m = 3

-0.01

0

0.01

h �
m
(t

)

� = 3,m = 2

-0.02

0

0.02

h �
m
(t

)

� = 4,m = 4

-0.004

0

0.004

h �
m
(t

)

� = 4,m = 3

0 1000 2000 3000 4000 5000 6000 7000

t (M)

-0.0008

0

0.0008

h �
m
(t

)

� = 4,m = 2 Re[NR]

Re[PN]

Im[NR]

Im[PN]

FIG. 3: Example of hybrid waveform modes constructed by matching NR and PN modes. These hybrid waveforms are constructed
by matching q = 8, �1z = 0.5, �2z = 0 NR waveforms computed using the SpEC code with PN/EOB waveforms describing the
early inspiral. The horizontal axes show the time (with origin at the start of the NR waveforms) and the vertical axes show the GW
modes h`m(t). The matching region (1000M, 2000M) is marked by vertical green lines.

of the binary for di↵erent mass ratios and spins. For total mass
M and symmetric mass ratio ⌘, fractional biases are shown
while for �e↵ absolute biases are shown5. Solid (dashed) lines
correspond to the case where “full” (quadrupole-only) hybrid
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nated by the bias in the quadrupole mode itself. This is expected as previous
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Previous studies [18, 20–22, 25] have shown that the e↵ects
of subdominant modes become important for binaries with
high masses and large mass ratios. At large mass ratios, sub-
dominant modes are excited by a larger extent due to higher
asymmetry. For high masses, the observed signal is dominated
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of the binary for di↵erent mass ratios and spins. For total mass
M and symmetric mass ratio ⌘, fractional biases are shown
while for �e↵ absolute biases are shown5. Solid (dashed) lines
correspond to the case where “full” (quadrupole-only) hybrid
waveforms are used as target waveforms. The template family

5In the case of anti-symmetric spin parameter �̃e↵ , the biases are domi-
nated by the bias in the quadrupole mode itself. This is expected as previous
studies have shown that LIGO can only estimate �e↵ to a good accuracy.
Therefore we do not consider biases in �̃e↵ in this study.

in both cases contains only the quadrupole mode. The di↵er-
ence between the solid and dashed lines indicates the e↵ect
of ignoring sub-dominant modes for detection and parameter
estimation. Note that many of the dashed lines lie below the
scale of these plots and are not displayed.

Previous studies [18, 20–22, 25] have shown that the e↵ects
of subdominant modes become important for binaries with
high masses and large mass ratios. At large mass ratios, sub-
dominant modes are excited by a larger extent due to higher
asymmetry. For high masses, the observed signal is dominated
by the merger, during which sub-dominant modes are excited
prominently. Consistent with our expectation, in Fig. 6, the

q = 8, χ1z = 0.5, χ2z = 0

Higher order modes
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Junk radiation

hℓm = Aℓm eiϕℓm ωlm =
dϕℓm

dt
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Precession

PrecessingAligned-spin
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Effective spin and orbital “hang-up” effect

• Effective spin: . 

• Binaries with positive  merge at smaller separations, and at 

higher frequencies.

χeff = (m1 χ1 + m2 χ2)/(m1 + m2)

χeff
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Eccentricity

Islam+ (arxiv: 2101.11798)

• Two additional parameters: eccentricity and mean anomaly. 

• More important for LISA than LIGO.

Babak+ (arxiv: 0607007)

16



• GWs can carry linear momentum away from BBHs 

• Center-of-mass recoils to compensate 

• Recoil or “kick” velocity imparted to final BH 

• Kicks up to 5000 km/s possible for precessing BBHs

Asymmetry (in masses or spins) 
is necessary for kicks

Hughes+ (arxiv:0408492)

Merger kicks
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Superkicks

• Spin asymmetry much more important than mass asymmetry.
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Part III: Status of the field
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NR simulations today
Spectral Einstein Code (SpEC) 

~3000 simulations of binary black holes!

SXS Collaboration, arXiv:1904.04831

χ1x = χ1y = χ2x = χ2y = 0
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Frontiers: Next generation NR codes

Kidder+ (1609.00098)

SpECTRE
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Frontiers: Extreme mass ratios

Dhesi+ (2109.03531)

• Need to resolve the dynamics of the small BH.  

• Maximum time steps , due to Courant condition. 

• Talk to Niko. 

• Near extremal spins: Scheel, Giesler+ (1412.1803)

∼ m2

22



Frontiers: Simulations of alternate theories
•BBHs in DCS, EdGB: Okounkova, Ripley, Witek, Silva, etc. 

•BNS in scalar-tensor gravity: Barausse, Shibata, etc. 

•BHNS in scalar-tensor gravity: Ma+Varma, etc.

Barausse+ (1212.5053)

•Numerical stability (well-posed?). 

•Dealing with 3rd/4th derivatives of metric. 

•Large parameter space, extra fields. 

•Degeneracies with GR parameters.

Challenges

BNS merger in scalar-tensor
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